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Quantum hypothesis testing
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Stein’s lemma

Hoeffding bound

Petz–Rényi divergence

(Audenaert et al.,  CMP 2008)
(Hayashi,  PRA 2007)

“ultimate trade-off ”



What if we could say “I don’t know”?



Hypothesis testing with an inconclusive outcome
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conditional type I error conditional type II error

probability of conclusive discrimination
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Classical intuition
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classical probability distributions

type
(empirical distribution)

δ-typical set sequences s.t.

achieves both of the maximal exponents arbitrarily high conclusiveness
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Classical intuition

achievable quantumly?

where is the catch?
is there some hidden cost?

what if one tries to achieve 
even higher exponents?



Lifting to quantum?
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Figure 16.4 Illustration of the SPRT(A,B) test. Here, at the stopping time τ , the LLR process Sn reaches B
before reaching −A and the decision is Z = 1.

and similarly, if EQ[τ ] <∞ then

EQ[Sτ ] = −EQ[τ ]D(Q‖P) .

To prove these, notice that

Mn = Sn − nD(P‖Q)

is clearly a martingale w.r.t. Fn. Consequently,

M̃n ! Mmin(τ,n)

is also a martingale. Thus

E[M̃n] = E[M̃0] = 0 ,

or, equivalently,

E[Smin(τ,n)] = E[min(τ, n)]D(P‖Q) . (16.12)

This holds for every n ≥ 0. From the boundedness assumption we have |Sn| ≤ nc0 and thus
|Smin(n,τ)| ≤ τc0, implying that collection {Smin(n,τ) : n ≥ 0} is uniformly integrable. Thus, we
can take n→∞ in (16.12) and interchange expectation and limit safely to conclude (16.11).
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Achievability from sequential hypothesis testing

<latexit sha1_base64="0mwGNaQRrKLDqgTztNjj2mv9qC4="></latexit>

�=(⌧) ! 1
<latexit sha1_base64="xqk2ivLTNzVr3WRzyddC+6KryFo="></latexit>

�=(�) ! 1

<latexit sha1_base64="tSsBbLjj1YJt4HrMvMXX+f6g+z0="></latexit>

�= ⇠ exp(�=⇡(�k⌧))
<latexit sha1_base64="bORYlPK88Fhz7+yibI2WZUqApOE="></latexit>

�= ⇠ exp(�=⇡(⌧k�))
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<latexit sha1_base64="c1sie2JYGPTTz+IuwUfTd2Ga2jQ="></latexit>

�

1.  take n copies,  divide into blocks of k copies

2.  run an adaptive, ‘sequential’ protocol inside each block

allowing inconclusiveness:

3.  asymptotically achievable exponents:

,

3a.  a modest block size suffices: 

2a.  sometimes fails,  but failure arbitrarily unlikely if                      , 
<latexit sha1_base64="0mwGNaQRrKLDqgTztNjj2mv9qC4="></latexit>

�=(⌧) ! 1
<latexit sha1_base64="xqk2ivLTNzVr3WRzyddC+6KryFo="></latexit>

�=(�) ! 1

3.  achievable exponents:                                                      as  k grows
<latexit sha1_base64="qHpLFO6l+9V8RNoaG4mng38+1uk="></latexit>

�  ⇡(�k⌧), ⌫  ⇡(⌧k�)
(Hiai and Petz, 1994)
(Hayashi, 2001)



<latexit sha1_base64="amNnIysKFNZmGZ2OkyoarQoPX3c=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDerGJSTcEiCkLYehmV4mbVGQ+ARu9c3c+Cqu7CCbgbPo+XPavz39WpJwZmwQ/Hi5nd29/YP8YeGoeHxyWiqfdYyaaQptqrjSPYINcCahbZnl0Es0YEE4dEn8lM53X0AbpmTLLhIYChxJNmEUW1dqPoxKlaAarOJyW4RrUUHraIzK3v1grOhMgLSUY2P6YZDY4RJryyiH98JgZiDBNMYRLC0TYDKlfiscLidKWpA0u1YwqlXaYraMhRHYTn2X7VSkKXWbVBCzSJNZCJL1SHhN5itXOmgzMT4hio/dKPzxaoONQ7TGC58rGVnsyPlEqdgp4/wxUOB881rxmz9fwc9OONLEgXVt8igxMHOg1Bj89B2ZjBwJhzvchLstOjfVsFatNW8r9cc1+Dy6QFfoGoXoDtXRM2qgNqII0Af6RF/et/ebc7/kf2nOW3vOUSZyxT//dbbR</latexit>

�

<latexit sha1_base64="iEgiu012s369p55LCYq6i0R7Ltg=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDcGNS0i4JUBIWw5DM71M2qIg8Qnc6pu58VVc2UE2A2fR8+e0f3v6tSThzNgg+PFye/sHh0f548JJ8fTsvFS+6Bo11xQ6VHGl+wQb4ExCxzLLoZ9owIJw6JH4KZ3vvYA2TMm2XSYwEjiSbMootq7UaoxLlaAarON6V4QbUUGbaI7L3uNwouhcgLSUY2MGYZDY0QpryyiH98JwbiDBNMYRrCwTYDKlQTscraZKWpA0u1YwqlXaYraMhRHYznyX7UykKXWbVBCzTJNZCpL1SHhNFmtXOmgzNT4hik/cKPzJeoOtQ7TGS58rGVnsyPlEqdgp4/wxUOB8+1rxm79Yw89OONLEgXVt8igxMHeg1AT89B2ZjBwJhzvchrsrunfVsFatte4r9cYGfB5doRt0i0L0gOroGTVRB1EE6AN9oi/v2/vNuV/yvzTnbTyXKBO54h8BcrbS</latexit>

⌫

<latexit sha1_base64="zLJzdWnzIIh+zSQ+qCc+WtSeMU8="></latexit>

⌫ = ��(�k⌧)

<latexit sha1_base64="t286R1d2GEmphTkg+Sr1/qWDhbM="></latexit>�
=
⇡
(�k⌧)

<latexit sha1_base64="ByYcz5m0hxiSBidmZFvG2MO3mlc="></latexit>

⌫ = ⇡(⌧k�)

<latexit sha1_base64="exzB7cE/i2aO1HGrF1bVukQhMU4="></latexit>

⇡(�k⌧)

Hoeffding 
regime

Achievable with  
vanishing inconclusiveness

<latexit sha1_base64="mXJFh6n+Pd+Nat0zH+Oo4EY1g+w="></latexit>

⇡(⌧k�)

Achievable exponents

<latexit sha1_base64="0mwGNaQRrKLDqgTztNjj2mv9qC4="></latexit>

�=(⌧) ! 1
<latexit sha1_base64="xqk2ivLTNzVr3WRzyddC+6KryFo="></latexit>

�=(�) ! 1

<latexit sha1_base64="BJoNQobiX5mvbxFc5LSfSPxcLhI="></latexit>

�= ⇠ exp(�=�)
<latexit sha1_base64="PteMjveByAfzRkVZU/2t4ApGFB0="></latexit>

�= ⇠ exp(�=⌫)

possible to significantly exceed
Hoeffding’s bound with

arbitrarily high conclusiveness
= arbitrarily small overhead

+ easy implementation



Going further beyond: one-sided constraints

<latexit sha1_base64="0mwGNaQRrKLDqgTztNjj2mv9qC4="></latexit>

�=(⌧) ! 1

<latexit sha1_base64="wpDZPNIWU8h06ziCsNd/DNEMUvk="></latexit>

⌫  ⇡(⌧k�) � �⇤
�(�k⌧)

<latexit sha1_base64="1KRjy0CeuRi1Y97EUSwvQ7N6nOs="></latexit>

�⇤
�(�k⌧) = sup

B>1

B � 1
B

⇣
� � e⇡B(�k⌧)

⌘

<latexit sha1_base64="uDn4FWMWSYVhBULUpDTBayROdBQ="></latexit>e⇡B(�k⌧) =
1

B � 1 log Tr
⇣
⌧

1�B
2B �⌧

1�B
2B

⌘ B

<latexit sha1_base64="BJoNQobiX5mvbxFc5LSfSPxcLhI="></latexit>

�= ⇠ exp(�=�)
<latexit sha1_base64="PteMjveByAfzRkVZU/2t4ApGFB0="></latexit>

�= ⇠ exp(�=⌫)

achievability and converse

Hoeffding anti-divergence

(Mosonyi and Ogawa,  2015)



<latexit sha1_base64="amNnIysKFNZmGZ2OkyoarQoPX3c=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDerGJSTcEiCkLYehmV4mbVGQ+ARu9c3c+Cqu7CCbgbPo+XPavz39WpJwZmwQ/Hi5nd29/YP8YeGoeHxyWiqfdYyaaQptqrjSPYINcCahbZnl0Es0YEE4dEn8lM53X0AbpmTLLhIYChxJNmEUW1dqPoxKlaAarOJyW4RrUUHraIzK3v1grOhMgLSUY2P6YZDY4RJryyiH98JgZiDBNMYRLC0TYDKlfiscLidKWpA0u1YwqlXaYraMhRHYTn2X7VSkKXWbVBCzSJNZCJL1SHhN5itXOmgzMT4hio/dKPzxaoONQ7TGC58rGVnsyPlEqdgp4/wxUOB881rxmz9fwc9OONLEgXVt8igxMHOg1Bj89B2ZjBwJhzvchLstOjfVsFatNW8r9cc1+Dy6QFfoGoXoDtXRM2qgNqII0Af6RF/et/ebc7/kf2nOW3vOUSZyxT//dbbR</latexit>

�

<latexit sha1_base64="iEgiu012s369p55LCYq6i0R7Ltg=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDcGNS0i4JUBIWw5DM71M2qIg8Qnc6pu58VVc2UE2A2fR8+e0f3v6tSThzNgg+PFye/sHh0f548JJ8fTsvFS+6Bo11xQ6VHGl+wQb4ExCxzLLoZ9owIJw6JH4KZ3vvYA2TMm2XSYwEjiSbMootq7UaoxLlaAarON6V4QbUUGbaI7L3uNwouhcgLSUY2MGYZDY0QpryyiH98JwbiDBNMYRrCwTYDKlQTscraZKWpA0u1YwqlXaYraMhRHYznyX7UykKXWbVBCzTJNZCpL1SHhNFmtXOmgzNT4hik/cKPzJeoOtQ7TGS58rGVnsyPlEqdgp4/wxUOB8+1rxm79Yw89OONLEgXVt8igxMHeg1AT89B2ZjBwJhzvchrsrunfVsFatte4r9cYGfB5doRt0i0L0gOroGTVRB1EE6AN9oi/v2/vNuV/yvzTnbTyXKBO54h8BcrbS</latexit>

⌫

<latexit sha1_base64="zLJzdWnzIIh+zSQ+qCc+WtSeMU8="></latexit>

⌫ = ��(�k⌧)

<latexit sha1_base64="t286R1d2GEmphTkg+Sr1/qWDhbM="></latexit>�
=
⇡
(�k⌧)

<latexit sha1_base64="ByYcz5m0hxiSBidmZFvG2MO3mlc="></latexit>

⌫ = ⇡(⌧k�)

<latexit sha1_base64="exzB7cE/i2aO1HGrF1bVukQhMU4="></latexit>

⇡(�k⌧)

Hoeffding 
regime

Achievable with  
vanishing inconclusiveness

Achievable with 
one-sided vanishing 
inconclusiveness

<latexit sha1_base64="wq17YFALY8wK4i+80J+ic56E5Y8="></latexit>⌫
=
⇡(⌧k�) �

� ⇤
� (�k⌧)

<latexit sha1_base64="mXJFh6n+Pd+Nat0zH+Oo4EY1g+w="></latexit>

⇡(⌧k�)

<latexit sha1_base64="s/JnOB9Xe+OI2NSKto49MKNVrOc="></latexit>

⇡+(�k⌧)

Going further beyond: one-sided constraints

<latexit sha1_base64="BJoNQobiX5mvbxFc5LSfSPxcLhI="></latexit>

�= ⇠ exp(�=�)
<latexit sha1_base64="PteMjveByAfzRkVZU/2t4ApGFB0="></latexit>

�= ⇠ exp(�=⌫)



Going further beyond: one-sided constraints

<latexit sha1_base64="0mwGNaQRrKLDqgTztNjj2mv9qC4="></latexit>

�=(⌧) ! 1

<latexit sha1_base64="BJoNQobiX5mvbxFc5LSfSPxcLhI="></latexit>

�= ⇠ exp(�=�)
<latexit sha1_base64="PteMjveByAfzRkVZU/2t4ApGFB0="></latexit>

�= ⇠ exp(�=⌫)

But does it make sense? Actually, yeah
<latexit sha1_base64="W6VIq20UucdRqj+eljC2QuSRpUM="></latexit>

⌧⌦= ! |#ih# |⌦='
<latexit sha1_base64="1zQhsndYXYblDRlUz7oVFjiEIRs="></latexit>

E=(⌧⌦=) = Tr("=⌧⌦=) |#ih# |⌦=' + Tr
⇥
( � "=)⌧⌦= ⇤�=

<latexit sha1_base64="05HHitaQTPCz+/lvy33ynaGUkik="></latexit>

E0
=(⌧⌦=) = Tr("=⌧⌦=) |#ih# |⌦=' + Tr(#=⌧⌦=)�=

<latexit sha1_base64="0mwGNaQRrKLDqgTztNjj2mv9qC4="></latexit>

�=(⌧) ! 1
<latexit sha1_base64="6E+z+B5w5J/V6sQ5jsq//K4T9bQ="></latexit>

E0
=(�⌦=) / �⌦='

<latexit sha1_base64="3EyY38Wqh6fhqVWcyMvAMLan27s="></latexit>

E=(�⌦=) = �⌦='

Quantum resource distillation

free-operation “resource non-generating”

Do it probabilistically!

<latexit sha1_base64="V7rmHpDtWHLAQC8av1h56aeXHys="></latexit>

⌧⌦= ! E0
=(⌧⌦=)
�=(⌧)

free-operation

exponents of distillation  ó exponents of hypothesis testing

(generalised quantum Stein’s lemma)

(Brandão and Plenio, 2010)

high probability of success
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= ⇡(�k⌧) � �
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⌧

II

“Strong converse”:  exponents of conclusiveness

<latexit sha1_base64="UwzQR4qhtKJzvhD0KV8kCqfyQ/E="></latexit>

' > '8
<latexit sha1_base64="e1P5nl6qmwAgLvh0wTWp5e5o8VA="></latexit>

⌘= ! 1 <latexit sha1_base64="wMFODFZK/nWQ2gYrHk49C4GDi+M="></latexit>

1 � ⌘= ⇠ exp(�=()

strong converse exponents :  what is the penalty for exceeding the optimal rate?

<latexit sha1_base64="GHgvErGJGT4bOTWAu4v31HJ3V0w="></latexit>

�=(⌧) ! 0

<latexit sha1_base64="YZ5kRdwuwK1GkGvFZyjnPS/zCCs="></latexit>

�=(�) ! 0

<latexit sha1_base64="6i2ERFLjlSoER3l1Q7HlLRR1p7E="></latexit>

' < '8 ⌘= ! 0



Full range of trade-offs

<latexit sha1_base64="OBYUULosCphGB3/OqSw+2D2SDZs="></latexit>

� +   inf
C>1

✓
C

C � 1! +
e⇡C(�k⌧)

◆
,

⌫ + !  inf
B>1

⇣ B
B � 1 + e⇡B(⌧k�)

⌘
<latexit sha1_base64="dauFB5sGkEh1OiAF9kz7dsbdrPk="></latexit>

 � sup
B ,C>1

✓
B

B � 1 � C � 1
C

◆�1 ✓
⌫ � e⇡B(⌧k�) +

C � 1
C

⇣
� � e⇡C(�k⌧)

⌘◆

<latexit sha1_base64="/410OTEaOpj7Na2IXFumZAigf8k="></latexit>

� + ⌫  e⇡1(⌧k�) + e⇡1(�k⌧)

<latexit sha1_base64="r9bluQGCaty7WUgc5T4ZTTvnF7o="></latexit>

�=(⌧) ⇠ exp(�= ) <latexit sha1_base64="jdCqTFqGz3g5ukBPpE0dHicvX3I="></latexit>

�=(�) ⇠ exp(�=!)

<latexit sha1_base64="BJoNQobiX5mvbxFc5LSfSPxcLhI="></latexit>

�= ⇠ exp(�=�)
<latexit sha1_base64="PteMjveByAfzRkVZU/2t4ApGFB0="></latexit>

�= ⇠ exp(�=⌫)

achievability and converse

what if K, L not constrained at all?

what if A, B fixed,  what is the best K?

complete understanding of trade-offs
for all quantum states

new applications of sandwiched Rényi divergence

various insights follow:

postselected hypothesis testing
(Regula, Lami, Wilde,  2024)



Full range of trade-offs

<latexit sha1_base64="amNnIysKFNZmGZ2OkyoarQoPX3c=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDerGJSTcEiCkLYehmV4mbVGQ+ARu9c3c+Cqu7CCbgbPo+XPavz39WpJwZmwQ/Hi5nd29/YP8YeGoeHxyWiqfdYyaaQptqrjSPYINcCahbZnl0Es0YEE4dEn8lM53X0AbpmTLLhIYChxJNmEUW1dqPoxKlaAarOJyW4RrUUHraIzK3v1grOhMgLSUY2P6YZDY4RJryyiH98JgZiDBNMYRLC0TYDKlfiscLidKWpA0u1YwqlXaYraMhRHYTn2X7VSkKXWbVBCzSJNZCJL1SHhN5itXOmgzMT4hio/dKPzxaoONQ7TGC58rGVnsyPlEqdgp4/wxUOB881rxmz9fwc9OONLEgXVt8igxMHOg1Bj89B2ZjBwJhzvchLstOjfVsFatNW8r9cc1+Dy6QFfoGoXoDtXRM2qgNqII0Af6RF/et/ebc7/kf2nOW3vOUSZyxT//dbbR</latexit>

�

<latexit sha1_base64="amNnIysKFNZmGZ2OkyoarQoPX3c=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDerGJSTcEiCkLYehmV4mbVGQ+ARu9c3c+Cqu7CCbgbPo+XPavz39WpJwZmwQ/Hi5nd29/YP8YeGoeHxyWiqfdYyaaQptqrjSPYINcCahbZnl0Es0YEE4dEn8lM53X0AbpmTLLhIYChxJNmEUW1dqPoxKlaAarOJyW4RrUUHraIzK3v1grOhMgLSUY2P6YZDY4RJryyiH98JgZiDBNMYRLC0TYDKlfiscLidKWpA0u1YwqlXaYraMhRHYTn2X7VSkKXWbVBCzSJNZCJL1SHhN5itXOmgzMT4hio/dKPzxaoONQ7TGC58rGVnsyPlEqdgp4/wxUOB881rxmz9fwc9OONLEgXVt8igxMHOg1Bj89B2ZjBwJhzvchLstOjfVsFatNW8r9cc1+Dy6QFfoGoXoDtXRM2qgNqII0Af6RF/et/ebc7/kf2nOW3vOUSZyxT//dbbR</latexit>

�

<latexit sha1_base64="amNnIysKFNZmGZ2OkyoarQoPX3c=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDerGJSTcEiCkLYehmV4mbVGQ+ARu9c3c+Cqu7CCbgbPo+XPavz39WpJwZmwQ/Hi5nd29/YP8YeGoeHxyWiqfdYyaaQptqrjSPYINcCahbZnl0Es0YEE4dEn8lM53X0AbpmTLLhIYChxJNmEUW1dqPoxKlaAarOJyW4RrUUHraIzK3v1grOhMgLSUY2P6YZDY4RJryyiH98JgZiDBNMYRLC0TYDKlfiscLidKWpA0u1YwqlXaYraMhRHYTn2X7VSkKXWbVBCzSJNZCJL1SHhN5itXOmgzMT4hio/dKPzxaoONQ7TGC58rGVnsyPlEqdgp4/wxUOB881rxmz9fwc9OONLEgXVt8igxMHOg1Bj89B2ZjBwJhzvchLstOjfVsFatNW8r9cc1+Dy6QFfoGoXoDtXRM2qgNqII0Af6RF/et/ebc7/kf2nOW3vOUSZyxT//dbbR</latexit>

�

<latexit sha1_base64="iEgiu012s369p55LCYq6i0R7Ltg=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDcGNS0i4JUBIWw5DM71M2qIg8Qnc6pu58VVc2UE2A2fR8+e0f3v6tSThzNgg+PFye/sHh0f548JJ8fTsvFS+6Bo11xQ6VHGl+wQb4ExCxzLLoZ9owIJw6JH4KZ3vvYA2TMm2XSYwEjiSbMootq7UaoxLlaAarON6V4QbUUGbaI7L3uNwouhcgLSUY2MGYZDY0QpryyiH98JwbiDBNMYRrCwTYDKlQTscraZKWpA0u1YwqlXaYraMhRHYznyX7UykKXWbVBCzTJNZCpL1SHhNFmtXOmgzNT4hik/cKPzJeoOtQ7TGS58rGVnsyPlEqdgp4/wxUOB8+1rxm79Yw89OONLEgXVt8igxMHeg1AT89B2ZjBwJhzvchrsrunfVsFatte4r9cYGfB5doRt0i0L0gOroGTVRB1EE6AN9oi/v2/vNuV/yvzTnbTyXKBO54h8BcrbS</latexit>

⌫

<latexit sha1_base64="iEgiu012s369p55LCYq6i0R7Ltg=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDcGNS0i4JUBIWw5DM71M2qIg8Qnc6pu58VVc2UE2A2fR8+e0f3v6tSThzNgg+PFye/sHh0f548JJ8fTsvFS+6Bo11xQ6VHGl+wQb4ExCxzLLoZ9owIJw6JH4KZ3vvYA2TMm2XSYwEjiSbMootq7UaoxLlaAarON6V4QbUUGbaI7L3uNwouhcgLSUY2MGYZDY0QpryyiH98JwbiDBNMYRrCwTYDKlQTscraZKWpA0u1YwqlXaYraMhRHYznyX7UykKXWbVBCzTJNZCpL1SHhNFmtXOmgzNT4hik/cKPzJeoOtQ7TGS58rGVnsyPlEqdgp4/wxUOB8+1rxm79Yw89OONLEgXVt8igxMHeg1AT89B2ZjBwJhzvchrsrunfVsFatte4r9cYGfB5doRt0i0L0gOroGTVRB1EE6AN9oi/v2/vNuV/yvzTnbTyXKBO54h8BcrbS</latexit>

⌫
<latexit sha1_base64="iEgiu012s369p55LCYq6i0R7Ltg=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDcGNS0i4JUBIWw5DM71M2qIg8Qnc6pu58VVc2UE2A2fR8+e0f3v6tSThzNgg+PFye/sHh0f548JJ8fTsvFS+6Bo11xQ6VHGl+wQb4ExCxzLLoZ9owIJw6JH4KZ3vvYA2TMm2XSYwEjiSbMootq7UaoxLlaAarON6V4QbUUGbaI7L3uNwouhcgLSUY2MGYZDY0QpryyiH98JwbiDBNMYRrCwTYDKlQTscraZKWpA0u1YwqlXaYraMhRHYznyX7UykKXWbVBCzTJNZCpL1SHhNFmtXOmgzNT4hik/cKPzJeoOtQ7TGS58rGVnsyPlEqdgp4/wxUOB8+1rxm79Yw89OONLEgXVt8igxMHeg1AT89B2ZjBwJhzvchrsrunfVsFatte4r9cYGfB5doRt0i0L0gOroGTVRB1EE6AN9oi/v2/vNuV/yvzTnbTyXKBO54h8BcrbS</latexit>

⌫

<latexit sha1_base64="0P8yNfJZiJfFJyT73QqVabSxEtI=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDdGNCxeQcEuAkLYchmZ6mbRFQeITuNU3c+OruLKDbAbOoufPaf/29GtJwpmxQfDj5XZ29/YP8oeFo+LxyWmpfNYxaqYptKniSvcINsCZhLZllkMv0YAF4dAl8WM6330BbZiSLbtIYChwJNmEUWxdqfk8KlWCarCKy20RrkUFraMxKnv3g7GiMwHSUo6N6YdBYodLrC2jHN4Lg5mBBNMYR7C0TIDJlPqtcLicKGlB0uxawahWaYvZMhZGYDv1XbZTkabUbVJBzCJNZiFI1iPhNZmvXOmgzcT4hCg+dqPwx6sNNg7RGi98rmRksSPnE6Vip4zzx0CB881rxW/+fAU/O+FIEwfWtcmjxMDMgVJj8NN3ZDJyJBzucBPutujcVMNatda8rdQf1uDz6AJdoWsUojtUR0+ogdqIIkAf6BN9ed/eb879kv+lOW/tOUeZyBX/ABS+ttw=</latexit>

!
<latexit sha1_base64="0P8yNfJZiJfFJyT73QqVabSxEtI=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDdGNCxeQcEuAkLYchmZ6mbRFQeITuNU3c+OruLKDbAbOoufPaf/29GtJwpmxQfDj5XZ29/YP8oeFo+LxyWmpfNYxaqYptKniSvcINsCZhLZllkMv0YAF4dAl8WM6330BbZiSLbtIYChwJNmEUWxdqfk8KlWCarCKy20RrkUFraMxKnv3g7GiMwHSUo6N6YdBYodLrC2jHN4Lg5mBBNMYR7C0TIDJlPqtcLicKGlB0uxawahWaYvZMhZGYDv1XbZTkabUbVJBzCJNZiFI1iPhNZmvXOmgzcT4hCg+dqPwx6sNNg7RGi98rmRksSPnE6Vip4zzx0CB881rxW/+fAU/O+FIEwfWtcmjxMDMgVJj8NN3ZDJyJBzucBPutujcVMNatda8rdQf1uDz6AJdoWsUojtUR0+ogdqIIkAf6BN9ed/eb879kv+lOW/tOUeZyBX/ABS+ttw=</latexit>

!

<latexit sha1_base64="0P8yNfJZiJfFJyT73QqVabSxEtI=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDdGNCxeQcEuAkLYchmZ6mbRFQeITuNU3c+OruLKDbAbOoufPaf/29GtJwpmxQfDj5XZ29/YP8oeFo+LxyWmpfNYxaqYptKniSvcINsCZhLZllkMv0YAF4dAl8WM6330BbZiSLbtIYChwJNmEUWxdqfk8KlWCarCKy20RrkUFraMxKnv3g7GiMwHSUo6N6YdBYodLrC2jHN4Lg5mBBNMYR7C0TIDJlPqtcLicKGlB0uxawahWaYvZMhZGYDv1XbZTkabUbVJBzCJNZiFI1iPhNZmvXOmgzcT4hCg+dqPwx6sNNg7RGi98rmRksSPnE6Vip4zzx0CB881rxW/+fAU/O+FIEwfWtcmjxMDMgVJj8NN3ZDJyJBzucBPutujcVMNatda8rdQf1uDz6AJdoWsUojtUR0+ogdqIIkAf6BN9ed/eb879kv+lOW/tOUeZyBX/ABS+ttw=</latexit>

!

<latexit sha1_base64="TUDaN9p1Lh7QTuNifuvJ3m2MSYY="></latexit>

!0

<latexit sha1_base64="TUDaN9p1Lh7QTuNifuvJ3m2MSYY="></latexit>

!0

<latexit sha1_base64="5+A1TB11jYYhMwzxpaM0URB9UYY="></latexit> ⇤
�,⌫ (⌧k�) =

 
0

<latexit sha1_base64="MkShznao0j95v6xyy96yp4Uiy4U="></latexit> �
⇤ ⌫+
!
(⌧
k�
) =

 0

<latexit sha1_base64="2/PcZg34ia5sT5nqsSS/ETplqPI="></latexit>�
⇤�+

 
0 (�k⌧) =

!

Type II error exponent 
and conclusiveness trade-off

Error exponent trade-off

Type I error exponent 
and conclusiveness trade-off

<latexit sha1_base64="zDDDdCkRPsmOosClgtFlIgLZUj0="></latexit>

! = !0



Exponentially good tests

<latexit sha1_base64="VzP70n3WTywCF5AAzp/ZRUR43h8="></latexit>

�=(⌧) ⇠ 1 � exp(�= )
<latexit sha1_base64="DG6u9qsjB8QWnhSrYFiYQxsRE+Y="></latexit>

�=(�) ⇠ 1 � exp(�=!)

<latexit sha1_base64="aW9aKd5mfNcuX7poOzpA30XRnkM="></latexit>

�  �!(⌧k�)
⌫  � (�k⌧)

<latexit sha1_base64="w7gR1qAmRKjavKu1prMuMNYMqjI="></latexit>

��(�k⌧) = sup
B2(0,1)

B � 1
B

⇣
� � ⇡B(�k⌧)

⌘

converse

Hoeffding divergence

<latexit sha1_base64="BJoNQobiX5mvbxFc5LSfSPxcLhI="></latexit>

�= ⇠ exp(�=�)
<latexit sha1_base64="PteMjveByAfzRkVZU/2t4ApGFB0="></latexit>

�= ⇠ exp(�=⌫)

<latexit sha1_base64="amNnIysKFNZmGZ2OkyoarQoPX3c=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDerGJSTcEiCkLYehmV4mbVGQ+ARu9c3c+Cqu7CCbgbPo+XPavz39WpJwZmwQ/Hi5nd29/YP8YeGoeHxyWiqfdYyaaQptqrjSPYINcCahbZnl0Es0YEE4dEn8lM53X0AbpmTLLhIYChxJNmEUW1dqPoxKlaAarOJyW4RrUUHraIzK3v1grOhMgLSUY2P6YZDY4RJryyiH98JgZiDBNMYRLC0TYDKlfiscLidKWpA0u1YwqlXaYraMhRHYTn2X7VSkKXWbVBCzSJNZCJL1SHhN5itXOmgzMT4hio/dKPzxaoONQ7TGC58rGVnsyPlEqdgp4/wxUOB881rxmz9fwc9OONLEgXVt8igxMHOg1Bj89B2ZjBwJhzvchLstOjfVsFatNW8r9cc1+Dy6QFfoGoXoDtXRM2qgNqII0Af6RF/et/ebc7/kf2nOW3vOUSZyxT//dbbR</latexit>

�

<latexit sha1_base64="iEgiu012s369p55LCYq6i0R7Ltg=">AAACUnicZZLLTgIxFIY7eENEBV26MbJxMSEzxuDCDcGNS0i4JUBIWw5DM71M2qIg8Qnc6pu58VVc2UE2A2fR8+e0f3v6tSThzNgg+PFye/sHh0f548JJ8fTsvFS+6Bo11xQ6VHGl+wQb4ExCxzLLoZ9owIJw6JH4KZ3vvYA2TMm2XSYwEjiSbMootq7UaoxLlaAarON6V4QbUUGbaI7L3uNwouhcgLSUY2MGYZDY0QpryyiH98JwbiDBNMYRrCwTYDKlQTscraZKWpA0u1YwqlXaYraMhRHYznyX7UykKXWbVBCzTJNZCpL1SHhNFmtXOmgzNT4hik/cKPzJeoOtQ7TGS58rGVnsyPlEqdgp4/wxUOB8+1rxm79Yw89OONLEgXVt8igxMHeg 1AT89B2ZjBwJhzvchrsrunfVsFatte4r9cYGfB5doRt0i0L0gOroGTVRB1EE6AN9oi/v2/vNuV/yvzTnbTyXKBO54h8BcrbS</latexit>

⌫

<latexit sha1_base64="p/a8DJD3zACRgcxYY+EFAK4C4+Y=">AAACjXicZVJNa9wwENW6bZpu2ny0x16WhEJCzWIHmuQQytIW2uMGstlA1gRJnnWE9YUkJzHu/ohCT+0vy7+p5ORQ7w5I8xjNmxnpiWjOrEuSh1707PmLtZfrr/obr99sbm3vvL2wqjIUJlRxZS4JtsCZhIljjsOlNoAF4TAl5ddwPr0FY5mS567WkAlcSDZnFDsfmn7bH89+nh1cb+8lw6S1wSpIn8DeaHf28ffDqB5f7/T0LFe0EiAd5djaqzTRLmuwcYxyWPRnlQWNaYkLuPJQYgE2 a9p5F4MPPpIP5sr4Jd2gjfb/pzSO+fxulfM0a0I6SNo5aASjRoW7LXV185OsYVJXqxQsrMDuJvbe3YjgQmUbALF1cLYWpMuRcKfvW1bYjJ3bmBDFc7+LOG8LLDUxBtcxV7Jw2MsRE6VKj6znl0CB8266V4l4Ufw0vNAWKv+8Koc4/AEmC7vwGqXLiqyCi8NhejQ8OvNifUGPto7eo120j1J0jEboBxqjCaKoRL/QH/Q32oo+RafR58fUqPfEeYc6Fn3/B6Mwz2c=</latexit>

⇡(%k&)

<latexit sha1_base64="CZ2A8K/gnJb4YmxvHpFJpLCVyVg="></latexit>

⇡(&k%)

<latexit sha1_base64="pddx82eBTPffRSfOMs6nbA6oht0="></latexit>

⌫ = ��(&k%)

<latexit sha1_base64="atLp48oryoB85qzPnoWtjDM4Vpg=">AAACj3icZVJNTxsxEHW2UCClhZQjlwhUiaqraJcD9FRF5ULVS5AIUJFVZHsnixV/yfa2XS35Fe2R/jD+Te2FA5uMZM/TeN7M2M9Ec2Zdkjx2oldr6683Nre6b7bfvtvZ7b2/sqo0FMZUcWVuCLbAmYSxY47DjTaABeFwTeZn4fz6JxjLlLx0lYZM4EKyGaPY+dCP8+n3o4vJ/ejjdPcwGSSN9VdB+gwOhweTT38fh9Vo2uvoSa5oKUA6yrG1t2miXVZj4xjlsOhOSgsa0zku4NZDiQXY rG4mXvQ/+Ejenynjl3T9Jtp9Sakd8/ntKpdpVod0kLR1UAtGjQq3W+rqZp+zmkldrlKwsAK7u9h7dyeCC5VtAMRWwdlKkDZHwi/9u2GFzdiZjQlRPPe7iPOmwFITY3AVcyULh70gMVFq7pH1/DlQ4Lyd7nUiXhY/DS+0hdI/r8ohDr+AycIuvEbpsiKr4Op4kJ4MTi68WF/Rk22ifXSAjlCKTtEQnaMRGiOKBPqDHtC/qBedRl+i4VNq1Hnm7KGWRd/+A2c+0Ck=</latexit>

� (&k%)

<latexit sha1_base64="L5BJFZ21hNyBpsbE6pD3Rg6VZxY="></latexit>

�!(%k&)

<latexit sha1_base64="CeWfaVN/vB4VsmhB47MulRaIGVM="></latexit>�
=
�

! (%k&
)

<latexit sha1_base64="CwjesS/ysxDmm0Sx2ghqE+9rzTU="></latexit>

⌫ = � (&k%)

Achievable with 
exponentially 

vanishing 
inconclusiveness

classically:  tight



Exponentially good tests

<latexit sha1_base64="VzP70n3WTywCF5AAzp/ZRUR43h8="></latexit>

�=(⌧) ⇠ 1 � exp(�= )
<latexit sha1_base64="DG6u9qsjB8QWnhSrYFiYQxsRE+Y="></latexit>

�=(�) ⇠ 1 � exp(�=!)

<latexit sha1_base64="aW9aKd5mfNcuX7poOzpA30XRnkM="></latexit>

�  �!(⌧k�)
⌫  � (�k⌧)

converse

<latexit sha1_base64="BJoNQobiX5mvbxFc5LSfSPxcLhI="></latexit>

�= ⇠ exp(�=�)
<latexit sha1_base64="PteMjveByAfzRkVZU/2t4ApGFB0="></latexit>

�= ⇠ exp(�=⌫)

quantumly:  converse not tight!

<latexit sha1_base64="NKe4m9w5hPzf+Iby7UNsMLRdRXo="></latexit>

�  �!(⌧k�)
⌫  e� (�k⌧)

<latexit sha1_base64="8+VI+fMD3duGwh2tvHXsBjuePG8="></latexit>

⇡B(�k⌧) =
B

1 � B
e⇡1�B(⌧k�)

achievability

<latexit sha1_base64="uDn4FWMWSYVhBULUpDTBayROdBQ="></latexit>e⇡B(�k⌧) =
1

B � 1 log Tr
⇣
⌧

1�B
2B �⌧

1�B
2B

⌘ B
sandwiched Rényi divergence

reverse sandwiched Rényi divergence

Petz–Rényi not enough???



Symmetric hypothesis testing

<latexit sha1_base64="Mq6WyD3kZ8YuUtjSELfxLZ4lmIA="></latexit>err= = ? �= + @ �=

<latexit sha1_base64="y4bJptUuVimsM5zemEfyhvdIzZY="></latexit>

⇢(⌧k�) = sup
B2(0,1)

(1 � B)⇡B(⌧k�)

<latexit sha1_base64="Ly8eDOX6ofecKF1otsIpKyqBOw4="></latexit>

err= ⇠ exp(�=⇢(⌧k�))

<latexit sha1_base64="/s7pt/IYTnODbdAlXtBOXpOdH2o="></latexit>

err= = ? �= + @ �=

<latexit sha1_base64="unzlNkqcyKtY/3R2ARc3avBpOXQ="></latexit>

err= =
?�= + @�=
�=(?⌧ + @�)

<latexit sha1_base64="Ag7S71jfaQWEIkOtS87EdfFYpEc="></latexit>

err= ⇠ exp(�= min{⇡(⌧k�), ⇡(�k⌧)}) <latexit sha1_base64="TwYY1rMXftCAbO4NJTRD4GwqBRs="></latexit>

err= ⇠ exp(�=? max{⇡(⌧k�), ⇡(�k⌧)})

Chernoff bound

<latexit sha1_base64="ACJNOBMgi1D9HB/SFTblmjKyaCU="></latexit>

�=(⌧), �=(�) ! 1 <latexit sha1_base64="jcLMqGLRBui+5pviiQT/Ucgp21I="></latexit>

�=(?⌧ + @�) ! 1



Summary

o Conventional Hoeffding and Chernoff bounds can be exceeded
with just a touch of inconclusiveness — minimal overhead,  huge gains

o Further advantages possible by sacrificing conclusiveness:  
complete characterisation of trade-offs achievable and “strong converse” behaviour

o The advantage is robust:  even exponentially good tests can overcome
the limits of Hoeffding and Chernoff

Hoeffding and Chernoff bounds not as fundamental as they seem? 



Summary

Hoeffding and Chernoff bounds are artifacts of demanding perfect conclusiveness

o Exponentially good tests:  which Rényi entropy gives optimal behaviour? (Why not Petz?)

o Potential extensions:  quantum channel discrimination,  composite hypothesis testing, …

Open problems

o Conventional Hoeffding and Chernoff bounds can be exceeded
with just a touch of inconclusiveness — minimal overhead,  huge gains

o Further advantages possible by sacrificing conclusiveness:  
complete characterisation of trade-offs achievable and “strong converse” behaviour

o The advantage is robust:  even exponentially good tests can overcome
the limits of Hoeffding and Chernoff

o Missing technical tools:  large deviations for sequential hypothesis testing (non-iid — martingales)😰



Thank you
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