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P If the noise is weak enough: perfect transmission is asymptotically possible!
(Classically [Shannon 1948], Quantum case [Kitaev 1997])

» But, comes at a cost: multiple uses of the noisy channel to transmit a single
message

» Goal of Quantum Error Correction: have the most logical qubits for the least
physical ones

What is the lowest price for noiseless transmission through a noisy channel?

If we pay an even lower price, can useful information still be transmitted?
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v

F : L(H) — L(H) idempotent: F o F = F.

Much more amenable to study than general channels

v

> Examples:

» Identity and completely dephasing channels (classical identity)
» Partial traces pag — trB(pAB) X op
» Completely depolarising channel

» For ® an arbitrary channel, a subsequence of the sequential composition
®" = Po---0d converges to an idempotent channel
» Capacities of sequential compositions studied in [Fawzi/Rahaman/Taheri
2024], [Singh/Rahaman/Datta 2024], [Singh/Datta 2025]
» Discrimination of idempotent channels also recently studied [Singh/Bergh 2026]
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Structural properties of idempotent channel

If F:L(H)— L(H) idempotent

(éﬁ (Hi1) @ px ) ©0
k=1

» Shape vector of F: A(F) = (dim(H1,1),...,dim(Hk 1))
» \(F) computable in polynomial time [Fawzi/Rahaman/Taheri 2024]
» Stable under tensor product : AM(F ® G) = A(F) @ A(G)

» Idea: If F(x) = x for x full-rank, F* is a conditional expectation and its range
has a known structure [Wolf/Pérez-Garcia 2010]
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For F, G idempotent:

i oe(M@)l)
G F) = i ToaUN A,

» Emulation capacity and strong-converse rate admit a single letter formula!
» Additivity for the source channel: C(G1 ® Go +— F) = C(G1 — F) + C(G2 — F)
» Non reversibility of the emulation C(G + F) # C(F — G)~!

Emulation capacity fully determined by the shape vector
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Strong-converse rate - ldempotent channels

Idempotent case: there is a strong-converse rate
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Idempotent case: there is a strong-converse rate

Theorem 2 (Strong-converse rate)
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Strong-converse rate - ldempotent channels

Idempotent case: there is a strong-converse rate

Theorem 2 (Strong-converse rate)

Let (ky)ven, (ny)ven be two integer sequences with limy,_,o n, = +00 such that there
exists € > 0 satisfying

Iog(ll Dlp)

+ €.
v—oo n, ~ pell,+oo} log(||A(F)|p)

Then for all sequences (€,),en, (Dy)ven, % lim, o0 | F&* — D,GO™E,||6 = 1.

> || Fllo = suppens 7 @ Idnl1-1
> 1||® — V||, = 1iff ® and W maximally distinguishable
» Known for self-adjoint idempotent channels [Gao/Junge/LaRacuente 2018]

Much better behaved than the general case.

8/13




Cases without minimisation

I G | G~ F)
Idg g %
F g | oiBm
AW g Eg%%%%%ﬁl

Fst MF)#(1,...,1) | Ag L

Fst. MF)=(1,...,1) | Aqg %

Table 1: Emulation capacities when either F or G is the identity or the completely dephasing
channel.
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Cases without minimisation

P G | C(G— F)
Idg g %
F g | o8P
AW g %

Fst. MF)#(1,...,1) | Ag e

Fst. MF)=(1,...,1) | Aqg %

Table 1: Emulation capacities when either F or G is the identity or the completely dephasing
channel.

In these cases, the strong-converse rate and the emulation capacity coincide
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Sketch of the proof of Theorem 1

» Achievability
> Amounts to embedding Rg(F*) into Rg(G*) as -algebras
» Asymptotic embedding of *-algebras studied in [Kuperberg 2002]
> For all p € [1,+00], |AMF)llp < ING)|lp = thereis k,n, D, E with
F®k = pgeng.
» Conclude by multiplicativity of the shape vector
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» Converse

> If F = DGE, we can embed Rg(F*) into Rg(G*)

>

>
>
>

v

Embedding given by x > egeG*D*(x)egs = G*D*(x), with ege = GE(1)°.
Amounts to show that Rg(F") C Mg. ., multiplicative domain of G*D*.
For ® CP, Mo+ = {X | VY, ®(XY) = &(X)d(Y), ®(YX) = &(Y)d(X)}
For ® Unital CP, i.e ®* is CPTP,

Mo = {X | (X" X) = &(X*)d*(X), ®(XX") = d(X)P(X™)}.

Inclusion proven by the Schwarz inequality: F*(x*x) > F*(x™)F"(x).
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» Achievability
> Amounts to embedding Rg(F*) into Rg(G*) as -algebras
» Asymptotic embedding of *-algebras studied in [Kuperberg 2002]
> For all p € [1,+00], |AMF)llp < ING)|lp = thereis k,n, D, E with
F®k = pgeng.
» Conclude by multiplicativity of the shape vector
» Converse
> If F = DGE, we can embed Rg(F*) into Rg(G*)
> Embedding given by x — egsG*D*(x)ege = G*D*(x), with egs = GE(1)°.
> Amounts to show that Rg(F*) C M. 5., multiplicative domain of G*D*.
> For ® CP, M- = {X | VY, ®(XY) = &(X)d(Y), d(YX) = &(Y)d(X)}
» For ® Unital CP, i.e ®* is CPTP,
Mo = {X | (X" X) = &(X*)d*(X), ®(XX") = d(X)P(X™)}.
» Inclusion proven by the Schwarz inequality: F*(x*x) > F*(x*)F*(x).
» If Rg(F*) embeds into Rg(G*), for all p € [1, +o0], [|A(F)lp < A G)]lp
» Conclude by multiplicativity of the shape vector.
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Sketch of the proof of Theorem 2

> We show that 1[|F — DGE|lo > 1 — minpeq1 100} \‘I‘;((i))‘ll\i'
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Sketch of the proof of Theorem 2

> We show that 1[|F — DGE|lo > 1 — minpeq1 100} \‘I‘;((i))‘ll\i'

» Holevo-Helstrom: %Hd)l — Oy|o > tr(pP; @ Idg(0)) — tr(u®, ® Idg(0)) for any
0<u<1, o a state.
» Goal: Find p, o such that:

> tr(uF @ Idg(o)) =1,
» tr(uDGE ® Idg(o)) <

M1
IAA)

)
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Sketch of the proof of Theorem 2

> We show that 1[|F — DGE|lo > 1 — minpeq1 100} \‘I‘:\\((;j'))‘ll\i'

» Holevo-Helstrom: %Hd)l — Oy|o > tr(pP; @ Idg(0)) — tr(u®, ® Idg(0)) for any
0<u<1, o a state.
» Goal: Find p, o such that:
> tr(uF @ Idg(o)) =1,

> tr(uDGE @ Idr(0)) < \‘\li((%lﬂi-

» For p =1 (‘purely classical'): maximally correlated state for o, p projector on supp(o)

» For p = 400 (‘purely quantum’): 1 = o is the maximally entangled state.
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Rate if a very small error is allowed

» Proof of the converse bound based on structure properties of multiplicative
domains.

» Multiplicative domains of UCP are *-algebras: if X, Y € Mg: {X*, XY,1} C Me.
» Loosen these requirements up to an e: £ — Cx algebras introduced in [Kitaev 2025]
» We show that &* UCP is almost multiplicative on

{X 10" (x*x) — &*(x*)®* (x)|| < d]Ix[1%, [|*(xx*) — &*(x)®*(x*)|| < 8]1x[1}-
> Conclude that if | F®k — DG ||, is very small, £ < inf,cp o] %.
» Theorem 1 follows for | F€k — DG®"E||,, = 0.

» Slight improvement of the single shot case
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Conclusion

» Emulation capacity is single-letter for idempotent channels.

» It is computable in polynomial time when the source or target channel is the

quantum or classical identity.
» Emulation of idempotent channels admits a strong-converse rate.
P> This rate is tight when the source or target is the quantum or classical identity.

Open problem

Is
log (|7 l)

n
pell,+oq] log(||G]|p)

a strong-converse rate for the emulation of any idempotent channels?
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