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Given two hypotheses
Quantum hypothesis testing = concerning a quantum state,
which one holds true”

Simple |[ID hypotheses: many copies of one of two states.

guess p®"
Null hypothesis: p®" N /7« <
Alternative hypothesis: 6%®" - \

guess o®"




Given two hypotheses
Quantum hypothesis testing = concerning a quantum state,
which one holds true”

Composite hypotheses: two sets of quantum states.

guess &
Null hypothesis: p € f N /7« <
Alternative hypothesis: ¢ € & - \

guess A

A, AB: sets of states on the same quantum system.



Given two hypotheses
Quantum hypothesis testing = concerning a quantum state,
which one holds true”

Composite hypotheses: two sequences of sets of states, indexed by n € N.

quess &,
Null hypothesis: p, € &, N /7« <
Alternative hypothesis: 6, € 95, = ° \

guess A,

A B, CD (?/‘g’”) sequences of sets of states on the n-copy system.
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Two types of error:

® [ype 1: null hypothesis correct, guessed alternative

® [ype 2: alternative hypothesis correct, guessed null

Null hypothesis: p, € I | N /7& <
Alternative hypothesis: o, € 98, °

quess I, ~~ type 2 error

guess AB, ~~ type 1 error

Type | error Type Il error
(false positive) (false negative)

Asymmetric hypothesis testing: fix Pritype 1} < &,
minimise Pr{type 2} asn — ©0.
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Asymmetric hypothesis testing: fix Pr{type 1} < &, minimise Pri{type 2} asn — 0.

Stein exponent:

1
Stein(</|| %) := lim lim — — log min {Pr{type 2} : Pr{type 1} < ¢}

e—=>0n—-oo n

A =(A,),, B =(A,),

Problem: compute Stein(&/ || 98) for the most general sequences of sets &f, A

(Compute := find an “entropic” formula = eliminate the limit e — 0.)

Typically, such formulas involve the quantum relative entropy:

D(pllo) := Tr |p(log p — log o)
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Hypotheses zoology:

Simple IID: o, = {p®"}

Composie ID: f, = (p®: p & st} — s Composte-mor
Composite, arbitrarily varying: &, = {p|®...Q p,: p,€d |} — A

Genuinely correlated sets: extremal points are not product across the copies.



Example of more complicated sets:

Separable states (SEP)

SEP, = SEP,..5. := conv {pAn ® aBn}



Example of more complicated sets:

Separable states (SEP) Stabiliser states (STAB)

B
E bbbl
B N-qubit system

Clitford group <—7
SEP, = SEP,,.5. := conv {pAn X UBn} STAB,, := conv {C\ 0)(0|®"CT: Ce ‘(gn}



Genuinely correlated: extremal points are not product across the copies.

i conv %:%




Genuinely correlated: extremal points are not product across the copies.

i conyv %:%

(1) (1) o)
sz B1®0AZBZ AB € SEP,
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Some prior results:

e Quantum Stein’s lemma — simple [ID vs simple IID:

: iid id\ [Hiai/Petz 1991
Stem(p H © ) o D(p HG) [Ogawa/Nagaoka 2000

e Quantum Sanov theorem — composite IID vs simple |ID:

[BjelakoviC et al. 2005

Stein(2/"¢ || p"¥) = D( || p) = inf D(o]|p) NGtzel 2014

ced

Note: this is just the minimum Stein exponent of the simple |ID problems!

| —> Composite [ID-ness of the null hypothesis simplifies away!
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e Generalised guantum Stein's lemma — simple |[ID vs SEP/STAB

Stein(p"? || SEP) = D*(p||SEP) := lim 1 inf D(p®"| o,)

n—-oo N o0,eSEP,

Correlations in the alternative hypothesis

— Regularisation (Iimit n = ©0) is needed!

[Brandao/Plenio 2010
[Hayashi/Yamasaki 2025

e (Generalised guantum Sanov theorem — SEP/STAB vs simple |ID:

Stein(SEP | piid) = D(SEP || p)

L./

Berta/

L. 2025

Reqgula 2020]
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Question: can we extend the generalised gquantum Stein’s lemma to a
composite |ID null hypothesis®?

e Null hypothesis: p®”, for some p € o C D(H 45) .
e Alternative hypothesis: 6, € SEP, = SEP 4,.5. .

Does the problem reduce to the worst-case scenario over a fixed |ID state
p € A C D(H ,p) (as in the qguantum Sanov theorem)?

?

Stein (/¢ || SEP) = inf D*®(p||SEP)
peY
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Quantum resource theories:

All

A setof “free” (= easy to prepare) states. Free states & states

o A set of “free operations” to manipulate states.

Example (entanglement theory): free states = separable states.

Golden rule: free operations should be resource non-generating (RNG),

l.e. send free states to free states.

In practice, this is only imposed asymptotically (free operations can create

a “vanishingly small” amount of resource): ARNG operations

[L./Regula 2023]
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Quantum resource manipulation:

Transforming many copies of p into as many @ @
@@@

copies as possible of a target state w using @@
only free operations in O.

Maximum achievable rate (# copies m per copy of p)

Rs(p — w)

w/ vanishing error:

Brandao/Plenio: ARNG resource manipulation = resource testing

Stein(p||F) GQASL D*(p||F)
Rarng(p = @) = et o e o
D>(w||#) D>(w||#)

[Brand&o/Plenio 2008 & 2010]
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So far so good, but... achieving that rate requires perfect knowledge of p!

What it p is unknown” Does the rate change? C‘?SD@ l @
f it changes = not very physical... @ @@

|[dea: sacrifice a few copies to run tomography, then p becomes ~ 3 known

—Rn

Then: need to transform an arbitrary p <", with p EBé(p) into copies of w.

trace norm ball of radius 0
around the true state p
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This shows that:
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Theorem (Composite [ID Generalised guantum Stein’s lemma).

f F satisfies the “Brandao/Plenio axioms” and there is a topographically
complete set of F-compatible measurements (e.q. if & = SEP) then

Stein(&/" || F) = inf D*(p||F)
peEY

F -compatibility: measuring a part of a free state and post-selecting yields a free state.

Strong converse holds automatically!

. == Universal resource manipulation is possible without rate loss! |
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One-shot relative entropies:

® Hypothesis testing relative entropy:

pvso: —logmin {Pr{type 21 Pritype 1} < 8} =: D;(pl|o)

[Buscemi/Datta 2010]

® Smooth max-relative entropy: /purified distance

Di . (pllo) :=inf{1: p’'< 2%, P(p,p’) <&
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Three facts of life:

1. Weak/strong converse duality: Dy, & D\/1 ~© more precise

D\/l—e

1 o
V1% (pllo) + log —— < Di(pllo) < DY "(pllo) + log

1l —¢

max ‘y’
2
F2 (89 | —e— Il/t)
2
H
[Tomamichel/Hayashi 2013] [Datta/Leditzky 2015]
[Anshu et al. 2019] [L./Regula/Datta 2026

2. Asymptotic equipartition property:

1D limit

one-shot relative entropies — Umegaki relative entropy

n— oo

3. Approximate concavity of Umegaki relative entropy:

p(Y  pp,

)2 Y, ) D(ple) —log]

> min D(p,||o) —log | X' |

|
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Maybe the one-shot relative entropies are themselves approx quasi-concave?

Theorem. Both Dlj and D¢

max are approximately quasi-concave:

(Y pwp o) = minDi(plle) ~log| | - Fie,6)

X

D( Y pp.|| o) 2 min Dy (pllo) — log| | - Gee, d
xXe

X

F(e,0), G(g,0): universal functions (don’t depend on the state / dimension / p)
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The statement on Dy, can be rephrased with tests:

Ifdtests T, s.t. Tr[p, T.] > 1 — € andTr|cT,] <n V x, then we can

construct a new test 1 s.t
minTr[pT] > 1—-e—-6, TrloT] L f(e,0)|X]| 1.

Classically, this is obvious, even witho = 0 and f = 1. justtake T := max 7, .
X

Quantumly: are we are eftfectively constructing a max among tests?

Not quite... The proof uses the weak/strong converse duality instead!
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Proof of the composite 11D GQSL. The difficult part is achievability:
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The Stein exponent is the worst-case over |ID states, as in g. Sanov theorem:

Stein(«/"? || SEP) = inf D*(p||SEP)
peY

Universal resource manipulation is possible at optimal rate!

Key tool: approximate quasi-concavity of one-shot relative entropies.

Thank you!



