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Problem Formulation

! Mutual information of two random variables X and Y with distribution
p(x, y) = pX(x)QY |X(y|x):

I(X;Y ) = I(pX , QY |X)

! I(X;Y ) is a concave → function of pX for given QY |X .
! I(X;Y ) is a convex ∪ function of QY |X for given pX .

! Our problem: for given stochastic matrices A and B,

max
p,Φ

I(p,AΦB).

! Optimized by deterministic Φ.
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Optimal Finite-Length Relay

a r
Q

b
Q

! Let Q be the stochastic matrix of a discrete memoryless channel (DMC).
! Suppose each channel is used n times. Then the stochastic matrix of the channel

is Q→n = Q⊗Q⊗ · · ·⊗Q (n times).
! If node r performs the relay operation Φ, the end-to-end channel from a to b is

Q→nΦQ→n.
! The maximum reliable communication rate from a to b is

Cn =
1

n
max
p,Φ

I(p,Q→nΦQ→n).

! Cn is a non-decreasing function of n.
! C := limn→∞ Cn = maxp I(p,Q), the min-cut.
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A Special Case

Consider
Cn =

1

n
max
p,Φ

I(p,Q→nΦQ→n)

for the binary symmetric channel (BSC) with crossover probability ε, i.e.,

Q =

[
1− ε ε
ε 1− ε

]
.

! C = limn→∞Cn = 1− h(ε), achieved by decode-and-forward.

! For an (n, k) code, Φ = DE, where D is a 2n× 2k matrix and E is a 2k × 2n matrix.

! When n = 1, 2, 3, Cn = 1− h(2ε(1− ε)), achieved by identity Φ.
! There must exist a value n0 (depending on ε) such that for all n ≥ n0, identity Φ

is NOT optimal.
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Multihop Network

a r1
Q

r2
Q

r3
Q

b
Q

! The achievable rate is 1
nI(p,Q

→nΦ1Q→n · · ·Q→nΦ!Q→n), where Φi is the relay
matrix for the relay node ri.

! We know the asymptotic behavior:
! When n → ∞, the optimal rate is the capacity of the channel Q.
! When " → ∞, the optimal rate is the zero-error capacity of Q.

! Little is known about the finite-length behavior.
! Are identical relay matrices optimal for the multihop network?
! When identity relay matrices are optimal?
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