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decoupling performance: ( ( ), ), = (=)

/ trace distance : A( )::% - 1

A purified distance : P(p,0): = [1— v %

relative entropy: D(p 0):=Trp p—Trp O



Quantum information decoupling—Previous work

[Dupuis, Berta, Wullschleger, Renner: arxiv: 1012.6044]

Theorem 1 For any bipartite state pag, decoupling map T'a—.c and € > 0, we have

1 —
EUA~HMT§||TA—>C oUa(par) —wec ® pr|l1 <2 3 Hain(AIE)p— 5 Hipn (AlC)w 4 12¢.

where w 10 = Tac(P 14) s the Choi state of Ta_,c and HE . (A|E), = —inf,, Dg ..(paE|Ia ®

og) is the smoothed conditional-min entropy.




Quantum information decoupling—Previous work

[Cheng, Dupuis, Gao: arxiv: 2409.15149]

Theorem 2 For any bipartite state pag, decoupling map Tr_,c, we have

; 1o gt AIE),+H(A|C),+log 3

1
E ~Haar 5 T — =
U el 2|| A—sc o Ua(par) —we ® pe|1 <  nf

where Hi(A\E)p = —inf, . Du(pap|la @ og) is the sandwiched Rényi conditional entropy.
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\ decoupling performance

trace distance

broadly studied

purified distance

unknown

relative entropy

unknown




Quantum information decoupling—Our work

Theorem 3 For any bipartite state pag, decoupling map T'a—,c, we have

. 85(1—s)179) —s(H}, (A|E),+H
Evy~taar D(Tasc o Ua(pag)llwe ® pp) < inf : o~ s(H1 (AIE),

where Hy, ((A|E), := —Di1s(pagllTa ® pg).

P
1+=

(AIC)w)
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Proof sketch:

EUANH(LQT'D(TA—-:-C' > UA(PAE)“U-’C & ,DE)

:EUANHaar TrTac o0 UA(,OAE) logTa—c 0 UA(PAE)

— By ~Haar Tt Tac o Ua(pag)logwe @ pE
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Proof sketch:

EUANH(LQT'D(TA—-:-C' > UA(PAE)“U-’C & ,DE)

=EUANH(L(LT TrTsco0 UA(PAE) log Tasco UA(PAE)

— EUANHGCLT Tr TA—>C O UA(.OAE) 103 we & PC

—Trwe ® prlogwe ® pE
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Proof sketch:

Choi representation :

Tasc(par) = |A| (@ 4zlpaE @ wic|® 45)
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Proof sketch:

Ey,~Haar Tt Tac o Ua(pag)logTasc o Ua(par)

Choi representation : |Ta—c(par) = |AI*(® 44lpaE @ wic|P 44)

N
:EL-'AwHﬂu'r|Alg 1r (.ﬂflﬂ & w;‘if:) (ng|A|? “;—1*_:’_1{!:"?1(‘1}:1;1) & Uj’(fp;’[-’_ﬂ) @ I{:E)(IAA ® PA'E ® wxi{?))
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Proof sketch:

Eys~Haar|AI* Tr (048 ® w0) (10g |Al? Tr 4, 1 (UA(®A2) ® Ua(® 4 2) ® Ice) Tz ® parE ®wjic))
Operator concavity of log

<|A]* Tr (pae ®@ wic) (log|A|* Tt 4 4 (EysmHaar Ua (@ 42) @ U (P 4 1) ® Ice) (a4 ® pare ® Wjip))
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Proof sketch:

Eys~Haar| Al Tr (paE ® wsc) (log | AP Tr 4, 4(UA(R 44) @ U (® 4 2) ® Ice)T 44 ® pare @ wj))
Operator concavity of log
< |A‘2 Tr (pae ® wic) (log |A‘2 Tr g f(Bus~HaarUa(Paz) @ Ux (P 4 1) @ Ice) (144 ® paE ® wﬁc))

Werner twirling channel: £(Xaar) := By, ~HaarUa @ Uar (X ga)
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Proof sketc

EUA ~Haar

N.

AP Tr (pap ® wic) (log | AI* Tr 4, 1 (UA(®2) © Uk (@ 4 4) ® Ice) 14z ® pare ® wje))

Operator concavity of log

S|A‘2 Tr (pAE X DUAC) (10g |A‘2 TrArj(EUANHaaTU;;((I)Aﬂ) ® Ujl" ((I)A’ﬁ) & ICE)(IAA X pA’E & wﬁiC))

Werner twirling channel: £(Xaar) := By, ~HaarUa @ Uar (X ga)

1

; 1 1
A2 _ _ _ _
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Proof sketc

EUA ~Haar

N.

AP Tr (pap ® wic) (log | AI* Tr 4, 1 (UA(®2) © Uk (@ 4 4) ® Ice) 14z ® pare ® wje))

Operator concavity of log
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Werner twirling channel: £(Xaar) := By, ~HaarUa @ Uar (X ga)

1

; 1 1
A2 _ _ _ _
= |A| TrpAE®WACIOg(‘A|2 — IIAA®PE®WC‘|‘ AP — 1ﬂAE®on— A3 — ‘A|PAE®IA®WC

1
AP — |A]

IA® pE @ wjc)

S PAEQuwjic + 144 Q pE Q@ we
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Proof sketch:
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Proof sketch:

EUANHGM'D(TA—-}C' O UA(PAE)”LUC‘ 0% ﬂE)

< Trpae @ wiclog(pae @wic + 144 ® pr @we) — Trpap @ wjiclog 5 ® pp @ we

Trace inequality:
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Tr Alog(A+ B) — Tr Alog B < inf L= 5" " osDiaelle) ya B >0
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Proof sketch:

EUANHGM'D(TA—-}C' O UA(PAE)”LUC‘ 0% ﬂE)

< Trpae @ wiclog(pae @wic + 144 ® pr @we) — Trpap @ wjiclog 5 ® pp @ we

Trace inequality:

(1 —s)U—%)
Tr Alog(A+ B) — Tr Alog B < inf L= 5" " osDiaelle) ya B >0

T 0D<s<1 S

A4

s 1—s _
< inf i (1 _ S)( )2_S(H1¢+S(A‘E)p+HiL+S(A|C)W)
-~ B=szl S




Quantum information decoupling—Our work

i.i.d scenario:

n n n n . 36(1 T S)(I—S) —s(nHY (A|E nHY, (A
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i.i.d scenario:

n n n n . 36(1 T S)(I—S) —s(nHY (A|E nHY, (A
EUA”mHaamD(T?_}COUAn(pﬁE')”ﬁdg ®p% )503:1321 . 5, s( 1_|_3( | )P+ 1_|_3( 1C)w)

A4

. =] n n n n . 1
lim L log Byrpn_y... DT oUnn (052 [w@" @02 > sup s(H},y(AE),+ HY, (A]C))

n—oo M 0<s<l1



Quantum information decoupling—Our work

Theorem 4 For any bipartite state pag and partial trace channel Th_,c, we have

. —il n n n n 1
lim — 10g By gn 00, D(T50 0 0 Uan (053 |wE" @ p5") = sup s(Hi,o(AIE), + Hy, (A|C).).

n—ren 0<s<1
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Theorem 4 For any bipartite state pag and partial trace channel Th_,c, we have

. —l n n n n 1
lim — 10g By gn 00, D(T50 0 0 Uan (053 |wE" @ p5") = sup s(Hi,o(AIE), + Hy, (A|C).).

R i 0<s<1

Open question:

1 ?

lim —10g By g _g00, DTG50 © Uan (053) |wE" ® p5") = sup s(Hi,,(AlE), + Hi, (A|C).,)

n—oo 71 0<s<1

.V decoupling map Th_,c
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Applications—Quantum state merging

pure state maximally entangled state

+ @)= = - O+
®0® 06 ®O®0G6

Alice Bob

Alice Bob Referee Alice Bob Bob Referee

Performance: P(Asa.pp—a,.488,(pABR @ Par), paBR @ Pa,B,)
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=1
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Quantum state merging protocol :

Step 1: Decomposition of Hilbert space

Ho=@H;, |H|=|Hs=...=|Hpn|
=1

Step 2: Construction of decoupling maps

partial isometry: Vi : H, > Hi, Vi=1,...,m



Applications—Quantum state merging

Quantum state merging protocol :

Step 3: Evaluation of performances of these decoupling maps

1 4 $5(1 — g (1—s) Aq 1+s -
EUAwHaarD(ViAOUA(pAR)“ﬁ®PR) < ( : ) ‘ A| 9 H1+3(A]R)P:

Vi =L, o oot
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Quantum state merging protocol :

Step 3: Evaluation of performances of these decoupling maps

1 4 $5(1 — g (1—s) Aq 1+s -
EUAwHaarD(ViAOUA(pAR)“ﬁ®PR) < ( : ) ‘ A| 9 H1+3(A]R)P:

Vi =L, o oot

P(p,o) < /D(pllo)




Applications—Quantum state merging

Quantum state merging protocol :

Step 3: Evaluation of performances of these decoupling maps

I s5(1 — g)(1—5) | 4|1+ |
EUANH(LQTD(ViAOUA(pAR)lli@]p ) < = ( S) ‘ 1‘ 2_6H1+S(A]R)p, Vi = e « T8

R
A" 5 4]
P(p,) < v/D(pllo)

A4

A S(1 _ o\(1=s)
VAo Ua(par) Ha, G5 &2 (1—35)

: A 32—3H1+S(AJR),O
Tr VA o Ua(par) |A1] S Al

T
Eyy~Haar ) Tr Vi oUa(par) P(
1=1



Applications—Quantum state merging

Quantum state merging protocol :

Step 4: Construction of the protocol via Uhlmann’s theorem

A S(1 _ o\(l=s)
VAoUa(par) Ua, g 22 (1 —:8)

: A 32—3H1+S(AJR),O
VAo Us(par) 14 2P0 S~ 5 1M

m
EUANH&CI.?‘ Z Ir I/z'A oUy (pAR)PQ(
1=1
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Quantum state merging protocol :
Step 4: Construction of the protocol via Uhlmann’s theorem

ViAOUA A I 4 s5(1 — 5)(1=s)
par) M (1)

} A 82—3H1+S(A]R)p
Tr VAo Ua(par) A1 s =

m
EUANH&(IT‘ Z Tr %A © UA(PAR)PZ(
i=1

Vz'A o Ua(pABR)
Tr Vit o Ua(par)
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Quantum state merging protocol :

Step 4: Construction of the protocol via Uhlmann’s theorem

A S(1 _ o\(1=s)
VAo Ua(par) Ha, G5 &2 (1—35)

: A 32—3H1+S(AJR),O
Tr VA o Ua(par) |A1] S Al

m
EUANH&CI.?‘ Z Ir I/z'A oUy (pAR)Pz(
1=1

Vz'A o Ua(pABR)

- DA, B, @ PABR
TrVi* o Ua(par)




Applications—Quantum state merging

Quantum state merging protocol :

Step 4: Construction of the protocol via Uhlmann’s theorem

VAU 1T s5(1 — s)(1—9)
HoUnpar) Tar g o 5(1=3)
TrVA o Ualpar)’ | Al S

VA o Uy @ WBABB (5, )
Tr Vi o Ua(par)

T
EUANH&CE?‘ZTI %AOUA(PAR)PZ( ‘A1|32—SH1+S(AJR)9

1=1

PQ( :(I)AlBl X ,OABR)
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Quantum state merging protocol :

Step 4: Construction of the protocol via Uhlmann’s theorem

VAoU 11 s5(1 — 5)(1=9)
HoUnpar) Tar g o 5(1=3)
TrVA o Ualpar)’ | Al S

VA o Uy @ WBABB (5, )
Tr Vi o Ua(par)

J

™
Eys~Haar P2()_ Vit o Us @ WP PP (pspR), @ 4,8, ® paBR) <
i=1

‘Al|s2—3H1+S(AJR)p

m
EUANH&CI.?‘ Z Ir I/z'A oUy (pAR)Pz(
1=1

PQ( :(I)AlBl X ,OABR)
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Applications—Quantum state merging

Quantum state merging protocol :

Step 4: Construction of the protocol via Uhlmann’s theorem

VA oUa(par) Ta, s°(1—s)!
Y ®pRr) <
TrVA o Ualpar)’ | Al S

VA o Uy @ WBABB (5, )
Tr Vi o Ua(par)

J

™
Eys~Haar P2()_ Vit o Us @ WP PP (pspR), @ 4,8, ® paBR) <
i=1

‘Al|s2—3H1+S(AJR)p

m
EUANH&CI.?‘ Z Ir I/z'A oUy (pAR)Pz(
1=1

PQ( :(I)AlBl X ,OABR)

s%(1 — s)1—9)

‘A1|82—SH1+3(A|R),0
s

LOCC protocol: > Vi* o Us @ WF745H

t=1




Applications—Entanglement distillation

LOCC:
@ —) N E— @
@ maximally entangled state
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Applications—Entanglement distillation

Entanglement distillation protocol :

55(1 o S)(l—s)

S

™
Eyy~taarP? (Y Vit o Us @ W45 (papR), ® 4,8, ® pasr) < | A |*2~3H1+s(AlR),

=1



Applications—Entanglement distillation

Entanglement distillation protocol :

m
Eys~Haar P2() Vit o Ua @ WP 748B (p4pR), 4,5, ® paBr) <

i=1

s%(1 — 3)(1_3)
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Entanglement distillation protocol :

m
Eys~Haar P2() Vit o Ua @ WP 748B (p4pR), 4,5, ® paBr) <

i=1

.

Ey,~taar P2 VAo Us@ WP (pap), ®a,8,) <

i=1

A4

s%(1 — 3)(1_3)

‘Al ‘ 32—3H1+3(A|R)p
S

Trace out the system A, Band R

s%(1 — s)(l_s)

S

‘Al ‘32—5H1+3(A|R)p
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Entanglement distillation protocol :

s5(1 —s)1=%)

‘Al ‘ 32—3H1+3(A|R)p
S

m
Eys~Haar P2() Vit o Ua @ WP 748B (p4pR), 4,5, ® paBr) <
i1

Trace out the system A, Band R

A4

9, Sl B—B; 5°(1— 5)t1—2
Ev ~Haar P (Z VitoUa® W, (paB), Pa,By) <

i=1

‘Al ‘32—5H1+3(A|R)p

S

Entanglement distillation protocol: D _ Vi* oUa®@ W77
i=1




Applications—LOCC-assisted quantum channel coding

noiseless quantum channel

| LOCC: '
1- 1




Applications—LOCC-assisted quantum channel coding

LOCC-assisted quantum channel coding protocol :

©~ ) msm) ED protocol mes)

@— Teleportation | ) 1o 1

maximally entangled state



Applications—Error exponents for these tasks

\Achievability Optimality
Quantum state \/

merging \/
Entanglement \/ 3
distillation .
Locc-assisted
N2 ?

channel coding




¢ We establish a one-shot decoupling theorem under the relative entropy
measure and derive an achievability bound on the error exponent for
decoupling.

¢ Our main result can be used to establish one-shot upper bounds for
guantum state merging, entanglement distillation and LOCC-assisted
channel coding and achievable error exponents for these tasks.

¢ Our achievable error exponents are tight for some states and quantum
channels. Therefore, the exact error exponents can be determined in
these special cases.
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