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The Partial Trace

We will write Md for the set of complex d × d matrices.

We denote MdA⊗dB := MdA ⊗MdB .

Notation (Partial Traces)

Given a matrix C on a composite system MdA⊗dB , we denote

CA = trB [C ] ∈ MdA , CB = trA[C ] ∈ MdB .
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Essential Properties

Essential properties of the partial trace CA = trB [C ] and CB = trA[C ]:

1 Trace preservation: tr[CA] = tr[CB ] = tr[C ].
2 C is self-adjoint (resp. positive) ⇒ CA and CB are self-adjoint (resp.

positive).
3 If C is self-adjoint with rank 1 ⇒ CA and CB have the same non-zero

eigenvalues with multiplicities (by Schmidt decomposition).

Questions:
What can the partial trace of a general normal matrix be?

What can the partial trace of a general non-normal matrix be?

What about rank-1 general matrices?

What about rank-2 matrices?
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Dilations

Definition (Dilation)

Given A ∈ Md , we say that C ∈ Md⊗k is a dilation of A if trB [C ] = A.

Proposition (Structured dilations)

For every A ∈ Md we can find a dilation C (under specific assumptions on k)
such that:
(i) C is a normal matrix (k = 2).
(ii) C is a unitary matrix (k ≥ ∥A∥∞).
(iii) C is a nilpotent matrix (k = 2). The condition tr[A] = 0 is necessary.
(iv) C is an idempotent matrix (k = tr[A] rk[A]). The conditions A = 0 or

trA ∈ N are necessary.
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Flanders-similarity and rank 1 matrices

Definition

We say that two matrices A ∈ MdA , B ∈ MdB are Flanders-similar if
1 They have the same Jordan block structure corresponding to the non-zero

eigenvalues.
2 Let a1 ≥ a2 ≥ · · · be the sizes of the Jordan blocks of A corresponding to

the eigenvalue 0, and let b1 ≥ b2 ≥ · · · be the sizes of the Jordan blocks
of B corresponding to the eigenvalue 0. If the shorter sequence is padded
with zeros, then |ai − bi | ≤ 1 for all i .

J1 =


0 1

0
0 1

0
0

0

 J2 =


0 1

0 1
0

0 1
0


{

a = (2, 2, 1, 1)
b = (3, 2, 0, 0)

1

1 Flanders, H. (1951). Elementary divisors of AB and BA. Proceedings of the American Mathematical Society,
2(6), 871-874.
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Joint dilations

Theorem (Simultaneous rank-one dilation)

If C ∈ MdA⊗dB is rank 1, then B = trA C and A = trB C are
Flanders-similar.

Conversely, if two matrices A, B are Flanders-similar, then there is a rank
1 joint dilation C such that trA C = B and trB C = A.

Proposition (Simultaneous rank-two dilation)

For any two matrices A,B ∈ Md there exists a rank-two matrix C ∈ Md⊗d s.t.
trA[C ] = B and trB [C ] = A ⇔ tr[A] = tr[B].
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Norm inequality template

Unitarily invariant norms are in one-to-one correspondence with symmetric
gauge functions:

|||A|||ϕ := ϕ(σ(A)) . (1)

The dual norm |||·|||ϕ∗ is represented by the symmetric gauge function

ϕ∗(x) := max{⟨x , y⟩ : ϕ(y) ≤ 1} . (2)

Theorem (Norm inequality template)

Let C ∈ Md1⊗...⊗dn have rank r and partial traces Ci ∈ Mdi . For any γ ≥ 0,

n∑
i=1

|||Ci ||| ≤ γ ∥C∥1 + κ(γ) |||C ||| , (3)

κ(γ) := supϕ∗(Λ1, . . . ,Λr

)
, (4)

where Λ1, . . . ,Λr ≥ 0 are obtained from n-vectors
(
λ(i) ∈ Rdi

+

)n
i=1 satisfying

ϕ∗(λ(i)) ≤ 1.
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Schatten p-norms

Proposition (Extended Audenaert inequality)

If C ∈ Md1⊗...⊗dn has partial traces (Ci ∈ Mdi )
n
i=1, then for all p ∈ [1,∞]:

n∑
i=1

∥Ci∥p ≤ (n − 1)︸ ︷︷ ︸
γ

∥C∥1 + 1︸︷︷︸
κ(γ)

∥C∥p. (5)

In particular for n = 2,

∥C1∥p + ∥C2∥p ≤ ∥C∥1 + ∥C∥p . (6)

and notice that
(∥C1∥p, ∥C2∥p) ⪯ω (∥C∥1, ∥C∥p) .

which for f (x1, x2) = xα
1 + xα

2

⇒ ∥C1∥αp + ∥C2∥αp ≤ ∥C∥α1 + ∥C∥αp , α ≥ 1 . (7)

2

2 Audenaert, K. M. (2007). Subadditivity of q-entropies for q> 1. Journal of Mathematical Physics, 48(8).
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Distillability of Werner states
Werner states are one-parameter family of density operators ρα ∈ Md⊗d ,

ρα :=
1 + αF
d2 + αd

, α ∈ [−1, 1]. (8)

Open Question: Is NPT equivalent to distillability?

Theorem6

An NPT Werner state ρα is 2-copy undistillable ⇔ for every rank-2 matrix
C ∈ Md⊗d :

∥CA∥2
2 + ∥CB∥2

2 ≤ |α|
∣∣ tr[C ]

∣∣2 + 1
|α| ∥C∥2

2. (9)

Proposition

Werner states are 2-copy undistillable for α ≥ −1/3.

3 4
3 DiVincenzo, D. P., Shor, P. W., Smolin, J. A., Terhal, B. M., & Thapliyal, A. V. (2000). Evidence for

bound entangled states with negative partial transpose. Physical Review A, 61(6), 062312.
4Rico, P. C. (2025). New partial trace inequalities and distillability of Werner states. Letters in Mathematical

Physics, 115(3), 47.arXiv:2507.18278 Partial Trace Relations Beyond Normal Matrices
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A New Schmidt-Number Witness

Let

ω(i) = 1AiBi ⊗
( n⊗

j=1
j ̸=i

|Ωj⟩⟨Ωj |AjBj

)
(10)

Proposition

For every 0 ≤ k < d ,

Wk = (1 + (n − 1)k)1 −
n∑

i=1

ω(i) , (11)

is a Schmidt-number witness of class k + 1, i.e.

tr[Wkσ] ≥ 0, ∀σ with SN(σ) ≤ k.

and there exists ρ with Schmidt-number k + 1 such that

tr[Wkρ] < 0 .
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k-positive maps

Corollary

For k, n ∈ N the following map on (Md)
⊗n is k-positive but not

(k + 1)-positive:

T (X ) :=
(
1 + (n − 1)k

)
tr[X ]1−

n∑
i=1

tri [X ]⊗ 1{1,...,n}\{i} (12)
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Outlook

1 Given A ∈ MdA and B ∈ MdB , is there a way to parameterize the set of
dilations or joint dilations?

2 Can we parameterize the set of rank 2 joint dilations?
3 Study optimal bounds in terms of spectrum and singular values for

entropies, determinants, etc (arXiv 2601.14158):

Thank you!

5

5Rico, P.C., Shteyner, P. (2026). Sharp Inequalities for Schur-Convex Functionals of Partial Traces over
Unitary Orbits.
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