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* Quantum computing provide exponential speed up in certain problems

* Two main obstacles: Scalability + Noise
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Background & Motivation

* Quantum systems usually suffer from unwanted interactions with the environment

l/Jel'IV
Y

Y = [Y){] 1s a pure state

* Noises can be modeled as quantum channels V' (completely positive and trace-
preserving (CPTP) maps)

o - v

For example, a depolarizing channel is a common noise model in quantum computing which
maps quantum state into i1dentity probabilistically

I
N =A-pp+p3
where 0 <p <1



Definitions

Quantum state purification 1s a promising method to reduce quantum noise

Suppose we have n-copy noise states N (), where 1 is the pure state and V' is the noise
channel. Let £ be ann — 1 completely positive and trace-non-increasing (CPTN) map.
Then the output state 1s

Gy ENH®
Y py  TrEEQV@)®M)]
If the output state gy, is closer to the target state ¥, i.e., F (01/,, 1/)) > F(IV (W), y), then we
say the CPTN map £ i1s a purification protocol for a state .

NW) —

" i]\f@/)) — Oy F(op,¥) = F(VW), )

N@) —
N@) —



Definitions

Quantum state purification 1s a promising method to reduce quantum noise

If the state Y is sampled from a set of pure states 5, and if the map £ can increase the
fidelity for every state ¥ in the set S, 1.e.,

F(op ) = FIN@), ), VY €S

Then we say € 1s a purification protocol for the set §

If the operation £ 1s a purification protocol for the set S, which contains all pure states,
then € is called universal purification protocol.

S={gny P T
| &

§ =N (d1), -, N(dn)}

N@p) — — 0y F(op ) 2 FIV@W),P). VP €S

N@) —



Preliminaries

Example of universal purification protocol

N(l/)) - /101,0 + Zi=1/11¢i;With/10 = Al = e = An

* Apply the circuit to noisy states.

* Make measurement on the ancilla qubit.

e Ifthe measurement w = 0, then the purification
process is successful, and output the purified state
0(0); Otherwise if the measurement is w = 1, then
the purification is failed, discard the state a(1).

* The successfully purified state is

o(0) =

N@) + N @)?

- Tr[V @) + NV (@)?]

E swap
|0+ H r&4 H —-A—w

N A X A 5(w)

N(p) Az )

~i=g- Single Chip

Trla(0) -] > Tr[N (@) - Y], vy



Preliminaries

Example of universal purification protocol

gswap
N@) =2 + X1 4, withdg =2 41 = - = 4, |0)— HroH A=W
A A’
* Apply the circuit to noisy states. N(l/J) 1 X o (a))
A
* Make measurement on the ancilla qubit. N (dj) 2 vas

e Ifthe measurement w = 0, then the purification
process is successful, and output the purified state

d(0); Otherwise if the measurement is w = 1, then Is there a similar pI'OtOCOl
the purification is failed, discard the state o(1). for distributed COIIlpUtiIlg?

* The successfully purified state is
(0) . N(l/)) + N(l/))z Tr[o-(()) . l/)] > TT'[N(lp) . l,D],Vt,b
7T TN ) + N )]




Definitions

The purification protocol 1s not unique. Which one has the best performance?

Average Fidelity: For a given pure state set §, noise channel V' and the n — 1 distributed
purification protocol € with average success probability P , the average purification fidelity is

dCﬁﬂCd as
F(Il PcSNg)_— E F l/) —
’ ’ ’ ’ |5| ’ P

PES
where Gy, 1s the unnormalized purified state.

The optimal purification protocol £ is defined by the one achieves the optimal average fidelity.

1

F*(n,P;S,\V) = m&ax{F (n,P;S,\V,E)| € € CPTN,E

> Trle(ww)em)] = P
YES



Task

Distributed quantum computing enables spatially separated quantum processors to
perform joint computations via local operations and classical communication (LOCC).

For a quantum noise N and a set of pure state S,
whether there exist ann — 1 LOCC-CPTN map
Enpn4rgr, such that
Tr[gAnB"A'B’(N (l/))@m) Y]
Tr[Eanpnarg (W (P)O™)]

>Tr(N@) -yplLvp eS

whether there exist a map € ngn 475 such that

Tr[gAanA,B,(N(¢)®n).¢]
=TriN@) -Y|,VY €S
TT[gAanAIB/(N(IIJ)®n)] 7ﬂ[ (l/}) l/)] lp

Then we say the purification protocol is trivial




No-go theorem

Let’s consider the following setting:
# of Copy:

n=>2
Quantum Noise: Depolarizing noise NV

I
NP =A =y +y5
Quantum state set Sp

Sp = W VY = [Py

B3 V()

EEE NY () Theorem 1
(N

For the depolarizing noise channel V'Y with
noise level vy, there 1s no nontrivial 2 — 1
LOCC purification protocol € yngn 4757 for the
set that contains all pure states Sp




No-go theorem

Theorem 1

For the depolarizing noise channel V'Y with noise level vy, there is no nontrivial 2 — 1
LOCC purification protocol €,ngn 45 for the set that contains all pure states Sp.

Prove Sketch:

= Relax LOCC to positive partial transpose (PPT) operations.
= Translate this problem into an SDP.

= Simplify with the SDP with the symmetry properties.

= Prove that the optimal solution to the SDP is the trivial purification protocol, implying
there is no non-trivial distributed purification protocol.



No-go theorem

Let’s consider a simpler case:
# of Copy:

S
Il
)

Quantum Noise: Depolarizing noise N7

I
NYW) =1 =y)Y tr5
Quantum state set Sp , Syks
'SB — {(Di,l_pi}
Sues =YW =UQVOTUT Q VT,vU,V € SU(2)}



No-go theorem

Let’s consider a simpler case:
# of Copy:

Quantum Noise: Depolarizing noise N7

I
NY@)=QA -y tr5
Quantum state set Sg , Sy gs
'SB — {(I)i,l_pi}
Sues =YW =UQVOTUT Q VT,vU,V € SU(2)}

Theorem 2 Theorem 3

For the depolarizing noise channel V'Ywith For the depolarizing noise channel V'Y with
noise level vy, there 1s no nontrivial 2 — 1 noise level vy, there is no nontrivial 2 — 1
LOCC purification protocol € yngn 45 for LOCC purification protocol € yngn 45 for
the set that contains all maximally entangled the set that contains 4 Bell states Sg

states ‘SMES



Go theorem
The 2 — 1 no-go theorem does not imply the n — 1 no-go theorem

» If Alice and Bob share infinite many copies of state, then they could process tomography
first to get the density matrix of the noisy state NV ().

* Since the quantum noise is known, they can derive what state 1 should be

* Now, the problem reduce to
For a quantum noise N and a pure state ), if there existan n - 1 LOCC-CPTN map
E ngny' g’y such that
Tr[é‘AanArBr(N(t/J)@") Y]
Tr[Eanpnarg (VW (P)O™)]

>TrN@) - ¢l



Go theorem

Let’s consider the following setting: Theorem 4
##of Copy: n = 2 N | For the depolarizing noise channel 'V with noise
Quantum Noise: Depolarizing noise 1 level y € [0, 0.4],there always exist a nontrivial
NY@) = A - +vyyg LOCC purification protocol for a given state 1.
Alice Al T A’
NY A0 - With calculations, we can find
A
---------------------------------------------------- Y Tr[oy 9] > TrIv (@) - Y]
RX (—=
(_ E)_l B’
Bob A0

UQ® V(@) = al00) + B|11)



Purification protocol with optimization

In previous protocol, it can only purify a single pure state. If there exist a
purification protocol that can purify a set with multi-state set 5?

Here we propose a method to design distributed purification protocol via
optimization



Purification protocol with optimization

In previous protocol, it can only purify a single pure state. If there exist a
purification protocol that can purify a set with multi-state set 5?

Here we propose a method to design distributed purification protocol via

optimization
P Alice

A €@,¢) = _Z¢65 F(l/): Ul/)) + 0‘21/;65 (S (F(l,b,]\f(l,b)) - F(¢, JIIJ)))

u(o) S(x) is the step function

S(x)=x,if x>0
S(x)=0,if x <0

o Estimate cost function
o ) c(6,9)

""""""'"""B'T' @

<L 0 € Optimize parameters 8, { to
4(9 Update ~ minimize cost function

AL 0 6. ¢ (6,9

Nys (@)
Nas (W)

N @)

Bob



Purification protocol with optimization

Let’s consider the following setting:
# of Copy: n = 2

Quantum Noise: Depolarizing noise: NV () = (1 —y)y + Vé

Quantum state set S = {CD (%) , D (\/—15) , D (\/LZ) , D (ﬁ)}
|®(a)) = a|00) + /1 — a?|11)

Alice ,
A
vy 120
]\64);9 W) | oy P Estimate cost function
) #=0 (8,9
NaeOIO\Y o %
: B’
NY
as (W) <L o e Optimize parameters 8,  to
V($) Update  minimize cost function

Bob

1.0

o
Xe]

@
o0

Average Fidelity

=
<
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| —— PPT bound RN
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~ ~ .,
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Optimized puritification SRS
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Conclusion

 For the depolarizing noise V'Y, there is no non-trivial 2 = 1 LOCC purification
protocol for pure state set Sp, maximally entangled state set Sy;rs, and Bell state
set Sp.

 For the depolarizing noise V'Y and a state 1, there exist 2 - 1 LOCC
purification protocol.

 If the state set 1s finite, we propose a framework that could help us to design the
LOCC purification protocol via optimization.



Thank you for your attention!

Yu-Ao Chen Xuangiang Zhao Chengkai Zhu Giulio Chiribella Xin Wang
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