Exact finite unitary designs
under symmetry

Christopher Vairogs and Felix Leditzky

Beyond IID ﬁ,g *X_ Jj &??_4

CUHK-Shenzhen, China
June 26, 2026 $ % 1 g %\)i‘

UNIVERSITY OF Y

ILLINOIS SR, UGN §



e Randomness in QIS:

* Learning protocols: tomography of channels, states, shadows
* Theoretical tool: black-hole information paradox, thermalization

* Symmetryin QIS:
* Parameter reduction: permutation symmetric states, covariant channels
* Physics: SPT phases

* What s the relationship between randomness and symmetry?

Mitsuhashi and Yoshioka, PRX Quantum, ‘23 Liu et al, arXiv:2408.14463, ‘24
Arvind et al, Phys. Rev. Research 7, ‘25 Mitsuhashi et al, PRL 134,25



Given Hilbert space H{and compact group K < U(H), the group K has a
unique normalized unitarily-invariant (Haar) measure uy.

More practical to sample distributions that simply mimic Haar measure.

Given finite set of unitaries X c K and distribution p: X - [0,1] we say the
ensemble (X, p) is t-design in K if

> p(9)g™ @ (oD = [ ducBk® @ ()"

(X,p)is t-designin K = (X,p) ist’-designin K fort’ <'t.
Interested in designs for which moment equality holds exactly in this talk!



* “When you do something to something and it stays the same.”

* Operations preserving object of interest can form symmetry group:

* Prominent feature of many quantum-mechanical problems:

no non-trivial symmetries
= trivial symmetry group

[ |

90° rotations + reflections
= dihedral group Dg

Heisenberg N N .
Multi-copy G = {Pd(ﬂ') = SN} ~ Sy ,0®N, pE (Cdxd)@)N g€ G — gp®Ng—1 — p®N

input state:




* We want designs that mimic Haar measure over realizable unitaries under
symmetry constraints instead of full unitary group (symmetric designs).

Symmetry group

S < U(H)

Set of unitaries

X CU(H)

Symmetry-respecting subset

XSE{QEXZSQSTZQ,VSGS}

Symmetry-respecting unitary group

U(H)s ={ueUH):sus" =u,Vs € S}

Probability distribution

p: X —[0,1]

Symmetry-respecting distribution

ps : Xs — [0,1]

_ plg)
Psg) = Zg/gxs p(g)

ps(g) = probability of sampling g from (X, p) conditioned on g being symmetric



* Can consider maximum degree of t-design with and without symmetry:

tmax(X,p) = max {t > 0: (X, p) is t-design in U(H)}
t49) (X p) =max {t > 0: (Xg,psg) is t-design in U(H)s}

max

* Consider the multi-qubit Pauli and Clifford groups
Py = {41, +i}{I, X, Y, 2}8N Cn = {ueU((C*)®N): uPyul C Py}
tmaX(PNapunif) —1 t o (CN,punif) — 3
* For any finite-dimensional H and any t = 0, there exists a t-design in U(H).
* However, if G is a finite subgroup of U(H), then
dimH > 2 = tmax(G, p™i) < 3.

* Group structure throttles randomness in t-design framework.
Bannai et al, J. Math. Soc. Japan 72,18 Kaposi et al, Quantum 10, ‘26



* How does a symmetry that restricts realizable Clifford gates affects the
Clifford group’s maximum degree as t-design?

o (CN) 5, PE™) > 3 = tinax (Cv, p™) b (C) s, P§™) = 1 < tmax (Cv, p™)
— U(H)s = {ewl 0 ¢ R} for symmetry groups
for any distribution p and any symmetry group S S = {(6’592)@]\7 0 c ]R} ~ (1)

S ={u®Y :ueSU?2)} = SU?2)

Mitsuhashi and Yoshioka, PRX Quantum, ‘23

— Symmetry cannot increase randomness of Clifford group in design sense

— Common physical symmetries decrease randomness of Clifford group



Do so by generalizing the Mitsuhashi and Yoshioka result beyond Clifford group.

Can there exist a symmetry group S and a t-design (X, p) in U(H) such that

tggX(XSapS) > tmaX(Xap)?

If so, then simply implementing (X, p) under symmetry constraints could allow us to
produce more powerful designs.

Also, can symmetry allow us to break t = 4 barrier for group designs?

G < U(H) and t¥) (Gg,pg) > 47

max



* Naive intuition: symmetry orders things, so symmetry generically decreases t?

tgfa?x(XS,ps) S tmaX(Xap)
* Indeed, this was the case for Clifford group.

* Less naive intuition: start with uniformly weighted t’-design in U(#)¢ and pad with
many asymmetric operators highly concentrated in one region:

U(H)S 1 unif, X _

unif, X
lu) = p p

* If asymmetric operators concentrated enough, this suggests that
tmaX(X7p) <t < tr(r?a)x(X57pS)'

unif, Xy




* That X; U X, has any t-design structure for t > 0 seems questionable.

* Similarly doubtful that X; U X5, has group structure.
 X; U X, simultaneously group and t-design for t > 0 highly dubious.

— Design degree likely can increase under symmetry in simple way

— Unclear whether such ensembles are anything with familiar structure



1. Does there exist a finite group ¢ < U(H) + symmetry S < U(H) such that

t5) (Gg,psHt) > 47

max

2. Does there exist a finite group desigh ¢ < U(H) and S < U(H) such that
0 < tmax (G, p™™1) < tirax(Gis, p3™T)?

3. Does there exist a finite design (X,p) inU(H) and S < U(H) such that
0< tmaX(Xap) < tﬁr‘?a?x(XypS)?



* So how to establish whether structured t-designs boosted under symmetry?

* Use representation-theoretic description of symmetry group S:

H decomposes into irreducible representations V) of S
Isomorphic copies of irrep V; occur multiplicity m; = dim W)

I @ Vi @ Wy Ex: dimV, = dim V5 = 1 and dimV, = 2
)\E[n] Jl(u)
~ U(H ~ 72(u)
5= ED pA(s) @ Iw, ueUH)s = u= oa(u)
)\E[n] = S O'3(U)

* Schur’'slemma: [X,s|=0forallseS — X = @ Iy, ® ox(X)
AE[n]



* What do the diagonal blocks of t-designs in U(H ) look like?
* Can checkthat g; maps unitaries to unitaries, so

UM)s 2 u= @ Iv, ® oa(u) X\ = oA (X) C UW,)
AE[n]
Z u®t / du 'U,®t ® (UT)@)t
uEX U(H)s

!

|X>\| Z u®' ® T)®t /U(WU du u®! ® (uT)®t

ueE X

* Fact: (X, p"™) is t-design in U(H)s — (X, p"™it) is t-design in U (W)



 So diagonal blocks of a design in U(H )¢ must form designs in U(W),) for all A.

* |s converse true?
* Not quite, but can build designs in U(H ) out of group designs in U(W,):

HQ@V,\@)WA {

2T .
@ exp (t_|_1]>\) Iv, @gx:gx € Ga,0 < gy <t}

AE[n]

S_@pk ®IW>\78 €5

* Fact: Suppose G, < U(W)) are uniformly weighted group t-designsin U(W,)
and X c U(H) defined above. Then X is uniformly weighted group t-
designin U(H );.



Does there exist a finite group ¢ < U(H) and symmetry S < U(H)
such that

Lo (G, pe) > 47

max



* Theorem: Let N > 3 and assume H = ((Cd)®N. Assume G < U(H) is a finite
group and let

S1={(?)®" :0 e R} = U(1)
So = {u®" 1w e SU(d)} = SU(d).

— (S (G, pT) < 2

max

(Compare with Mitsuhashi-Yoshioka result for Clifford group)
d=2: tS)((Cn)s, P =1

max

* Group designt = 4 barrier remains unbroken for these symmetries.
Mitsuhashi and Yoshioka, PRX Quantum, ‘23



Proof sketch

* The images 0, (G) must be groups because G is a group.
The images 0, (G) must be 3-designs in U(W,) if Gis a 3-designin U(H)s.
Classification of finite group designs allows only certain values of dim W;.
The multiplicities dim W, for S; are given by simple combinatorial formulas:

S =2U1) HE@Y Ve W, dim W, = (3)
S =SUW)  HE@, AWy dmWy= e

Dimensions from the classification step aren’t equal to formulas for N > 3.
= Gg, can’t be uniformly weighted 3-designin U(#)g for N > 3.

t(Sz> (GSmpg’?if) <2

max

Bannai et al, J. Math. Soc. Japan 72, ‘18



* Can extend to arbitrary finite symmetry groups using similar arguments.

* Theorem:Assume ¢ < U(H) isfinite as before. Then

dim H

|S’ < — tmaX(GS7pg*nif) < 3.

 Theorem: Let Sy < U(C?) be finite. Define
S:{S®N:S€So}.
Then for all N sufficiently large, any finite group G < U(C%") satisfies

tmaX(G57punif) S 3.



* Theorem: If § be arbitrary closed symmetry group. Recall that H decomposes

H = @ Vi ® W
AE[n]

s = @ ox(s) ® Iy, s €S
AE[n]

and Gg < U(H ) is finite t-design in U(H )¢ fort = 6, then H is abelian.

Furthermore, if Gg < U(H ) is finite t-design in U(H )¢ for t > 4, then
H=Z(H)R
R2=SL(2,5)%% 0<k<n
SL(2,5) = {M € Fz*? : det(M) = 1}.



Proof sketch:

H = @VA@)W/\

AE[n]

8—69,0)\ @IWA,SES

* The images 0, (Gg) are group deS|gns on W, . Then use CFGD:
* dimW, = 1: 0,(Gs) is group of scalars (wly, ).
« dimW, = 2: 0, (Gs) is set product of (wy Iy, ) &isomorphic copy of SL(2,5).

* Note: Does not automatically imply that Gg is = to direct product of groups of
the form (wlyy, ) and (wy Iw, )SL(Z, 5). Matrices over W, might be correlated!

* Technical group-theoretic arguments used to conclude that this is the case.

Bannai et al, J. Math. Soc. Japan 72, ‘18



Does there exist a finite group design ¢ < U(H) and symmetry S <
U(H) such that

0 < tmax (G, p™) < tio) (Gg, punif)?



* Theorem:Lett > 1. ForallC > 0, there exists a
e Hilbert space of dimensiondimH > C,
* afinite group G < U(H),
 asymmetrygroup S < U(H)

such that

U(H)s # {e”1:0 € R}
and
1 = tmaX(Gypunif) <1< tmaX(GS7punif)'



Does there exist a finite design (X, p) in U(H) such that
0 < tmax(X,P) < tmax(X,ps)?



» Claim: Let dim H be arbitraryand let1 <t < t'. Let S < U(H) be closed symmetry group.
Then there exists a set X’ < U(H) and distribution p: X — [0,1] such that

t = tmax (X, p) <t < tmax(Xs, ps)

assuming the formula for unitarily-invariant measure over complex Grassmannian holds:

For any integrable function f : G, 4 — C depending solely on the principal angles relative to the fixed
subspace W, we then have

?T/Q Bm—1 m
fG dp f(p) = /O do;- - - fo 0y, F(O1,. .., 0,) [[(sin0:)*" 2™ J] (sin®6; —sin®0;)*.
m,d i=1

1<i<j<d

(200)

Bannai et al, Adv. Math. 405, ‘22
* Formula appears to hold in complex case and apparently known as folklore.

* Similar orthogonally-invariant volume form derived for real Grassmannians explicitly.
James, Ann. Math. Stat. 25, ‘54



Studied interplay between randomness and symmetry in design context.

Posed problem of how symmetry influences max degree of an exact t-design.

Treated problem for three different structures imposed on the design:
* group structure
* group t-design with t strictly positive
* t-design with t strictly positive (ongoing)

Extended some results of Mitsuhashi-Yoshioka using algebraic methods.
Did so without relying on long Pauli matrix calculations.
Would be interesting to pursue problem for designs generated by local gates.

Could consider other notions of randomness, such as approximate unitary designs.

Li et al, PRX Quantum 5, ‘24 Liu et al, arXiv:2408.14463, ‘24
Hearth et al, PRX, ‘24 Mitsuhashi et al, PRL 134,25



* Email: vairogs2@illinois.edu
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