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Motivation and setup

Question: Dees-uniferm-randemness-exist?
Under what assumptions can we prove that uniform randomness exists?

Recall: Randomness extraction (Tuesday)

Let pxp be a cq state. Then, there exists a function Ext : X x § — Z, such that
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§||PExt(x,S)SE —wy ® pSE”1 < 5\/210g|3\—Hmm(X\E)p,

where w, = ‘—é'JlZ and S is a uniform and independent random seed.

Idea: Use a non-uniform seed.

Definition. Let o3 be classical on X and Y. We call Ext a

kq, ko, ) two-source extractor if
1) ™2

1“pEXt(X7Y)E1E2 —Wwz ® PE, E, H <e
2 1

whenever H_. (X|E,) >k, and H, (Y |E,) > k. &
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[J Independence also holds without space-like separation if the processes happen
in isolated laboratories.

® Two-process extractors

Definition. Let My 4 and Ny be two CPTP maps and let p'a 5 be a pure state.
Assume that

Hmin(X|SB)M[pin} > kl and Hmin(Y|TA),/\/'[piH] > k2.

We call Ext : X x Y — Z a (ky, kq, €) two-process extractor if
1
o —wz ® o3, <

where p%¢r = Exty xy o (MXS|A ® NYT|B) [P 5]

[J Since the initial state p'; 5 is pure, we can think of B as a coherent copy of A.
Hence, H,;,(X|SB) v,m = ky requires that the output of M is unpredictable, even
when the input is known.

Challenge. Due to entanglement in p'% 5, there can be strong correlations between
XandY.

If plap = 3. pipls ® plz Were separable, then

(MXS|A ®NYT\B> [PAg] = ZpiMXSM [P4] ®NYT\B[PiB]-

[J For separable inputs, our model reduces to the previously studied Markov
chains XS < I — YT (after a conditioning register I is introduced).

However, Bell’'s Theorem tells us that entangled states can produce much stronger
correlations!

Results

® Feasibility of two-process extraction

Definition. Let I = {Ki}z1 be a set of n x n matrices with entriesin {0, 1}. Define
DEORX : {0,1}" x {0,1}" — {0,1}™
(z,y) = (2T Kyy) - (2T K,,,y).

Result 1. Letr € Ny be such thatrank(}_._ K;) >n—rforall@ # I C{1,...,m}.
Then, DEORX is a (k,, k,, €) two-process extractor with

€ = %\/22m+n+rk1k2_

[J There are constructions achieving » = 0 for any m < n.

® Classical randomness extraction

Surprisingly, two-process extractors also give new insights into purely classical ran-
domness extraction:

Result 2. Let p(z,y) be a probability distribution and Ext be a (k,, k5, €) two-
process extractor. Define

NxB = 2 p(@)|z)Xz|x ® [1,)ne|p  With |n,), = Z Voylz)ly) s

z,y,y’

and vy = ) pWIYNyly ® v, Ny la  with [v,) =3 Vp(zly)lz)a.
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min
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(X|B), >k, and H,

m:

2 (Y]A), > k,, then Ext can extract from p(z, y) with

[J In Result 2, there is no assumption on the structure of p(z,y). In particular,
Result 2 allows for extraction from correlated sources.

® Application to randomness amplification
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Previously: Only classical side-information about the source was possible, that is,
R,...R,, needed to be classical. We can now lift this restriction.

Definition (Quantum SV-source). We call a sequence of X; €{0,1}
channels {Sﬁ(iRi‘RF1 }; aquantum SV-source with bias p if T
_ 1 R, ; --» S8'+-> R,
Hmin(Xi|R)Si[p] Z _10g<§+:u) vi’pRi,lR' ~ ~

Result 3 (Informal). Device-independent randomness amplification of a quantum
SV-source is possible.

Take-home message

Perfect randomness can be generated under surprisingly
weak assumptions!

Outlook

Main limitation: The DEORX extractor requires that k, + k, > n.

In the classical setting, k; = k, = O(logn) is enough. That is, there are functions Ext :
{0,1}™ x {0,1}™ — {0,1} such that for £ = O(logn)

max
p(x),q(y)<27F

> (—1)EE)p(z)q(y)

z,y

<e. (1)

In our setting, we require

<e. (2

oo

~—

max
M(),N(y)<2~

Y (FD)PENM(z) ® N(y)

l Open problem. Does (1) = (2)?

Questions?
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